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.f (1,-1) j if (0,1) c,. JS I*J 
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^ J»UJI J5 to iJUJi t3U*i 0^ IIS^j .: 

0, >/2] aUJl S>JI 0 & / 5JUJI iV2 







cJ2 3 ^ foy,*) i»UJ! JS- to bS, x,y 



I ^ 3JUJ1 ^-j 
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^ 2 = 1 — x 2 — y 2 
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'1 * 5 



^ ^ A ^^A^, 1* AA A^-J 



a^aao-t.". 



^I'LA^^A^^ ^ AA^^^ X A A AAA 



. l- AAA^^^^^^^^ A ^^^^■^^^^^ , *^ w " ■■ *■ ^■^■^■^ 



— AU"^Va'a""a i v»i H Ji H 



'1 



(0, 0, 1) 



ex* 




A- 

■ii 



\ 



f 



S 

f 




! 



S 



5 ^ 



^^^^^ ^^^ f 



- ^ * ^ 



(1,0,0) 



a; 



j. 

j: 



(0,1,0) 



i 



r." : .-. : :: 



:UUt JliJS J US 




z = sin x + e y 
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rf.V.V.V.V.' 



*Ja-» J I *I»UJ (projection) kl^* <j^£jj . (level curve) ^ 



WW 




: JbJI JtiJL s^Ail J~±3 z 



A 1 .; I M I " ' KA^. 



, 1 £ 
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+ 1/ 2 




(level curves) ^ji^Jl oUi^ 



oU^^Ji J5 j llio^j .a>0 ol 
^^^Ji JLp kliJl ^liljl a j Up! ^^SU^j 4X 2 + y 



Z = tt 2 0L» 42 > 0 
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(slice) l^ij^ -kiw Ju> J~oaJL» J5j .^^^-J 




.(7) JS^JI tary ciji^Jl J* *U 
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^ .-.s. 
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X 



VS.* 



i 



^^>Jj 4 (level curves) ^ y,, ... J 1 oLi>*juJ U-^Jl oULJaiJl ^^ju o^-jJ 



I X* ij\y»J\ A* Jl T(x, y) cJlS" IS! 






cxt/ 



a^ljJl C5 i>«j-Jl ^Ip -UUjJI Ojio aj! j^! .(isothermal curves) 

cij^l ^4^0^ (voltage) Jb^&l Jl^>JI Jl<J F(x,y) cJlS lii 
Xf>Jl t5jUJ oL>^ ^ywJ V{x,y) = C <j ji^Jl oL^jj* jli 








J53 o j^jj t (equipotential curves) 




-kjWiWiWuT'r 
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cr^^ or* J I t$l <• (constant 




curves) 
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y = x 2 + 3z 2 (10) 
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•.Utll JljJOJ cSJuJIj JlkJl o^j! 



/(s.y) 
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/(z. y) 



cos 



(x-y) (3) 
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2y 



+ 



2y 



(5) 
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2x z + 3y 




x 2 + 4y 2 + 4 



do 
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i l ll W /Y W wjhjhh*. OiWWrtl 




■rtf.V. Vl 1 * .^TT.^T.TI I ^ 

+ 4 (13) 



T(x, y) = 20 + x z + 4jr 



.F = 0.25j c\' -().") j tV = 1.5 



</ JUJ^Ij oLL^LJ v-UVl jlsaVl JLiL^, jcJI IJu c 

jiiJl S>J! (j/jfl .j^Jl) ^ bjj US j 
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\ 




r 



•■v 
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(xo,Vo) 



r 



iV VrViViVrViViViVi^^i>T^^ l xrtr^vrVi'iViViiiVrtiViVrt r rtr YVir^rt VYTTir f V : Vii" m v. vMiir/vw x ""^i 



■V.V.VmV YmmmYmY mm m.V.V ^ ■ IIIIIIIIIT ^ ...Vm .V. . . .V. .V lV Vmm .V V Yrt>Y.*Wv 



X 



X 
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" R2 J {x Q , y 0 )j i(x,y) o! U 
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^ CfJj (1) J o^i^J (2) W 



(x - x Q ) + (y- yo) 
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(3) 



; J^UJI iiij cr U>S ^i^jj (x 0 ,yo) s ^ b ^ J 



(x,y)-(xo,yo)| < r 



(4) 



.(8) JS^JI >i i<3) Sy'JJl J^b R 2 J ^\ J* Jj£ 



x,y) - (xo,yo)\ < T 
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A3 w _.J..s^.j 



: JUI ^.ycil c/^i OVlj 







,> (x 0 ,yo) ^ ^ (°P en disc) ^ 



(1) 



^ US ^jyuj 



{{x,y) ■■ \(x ,y) - {x 0 , yo)\ <r} 

x Q , y(l } ikixJi Xp ^JJI (closed disc) jLU! (2) 

: Ju R 2 c/> ^ ^ r 

x,y) : |(x,y) - (x 0 ,yo)| < r} 
cSz jUJi jl C j^Jl u^^ 1 (boundary) ^ (3) 
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^jjl CJ uJI R 2 J (A,- lh) (neighborhood) 
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IS! (x 0! y 0 ) Ji Jj>* {x,y) ikiJl U-U* L iul+Jl J\ Jj>- /(x,y) 5J 

j 1 —* cS^ ^ (x 0 .3/o) Vt^* i. x >v) ^ W Vr 2 /( x >^ 

la^L ^ijyu" j»J-ii uVlj .((x 0 ,y 0 )j (x,y) ^ ^>^> y 






0! Sjj^U (xo,yo) ikiJ' 1 jl^r ^ /(s.y) iJUJl cJLS" IS 
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lim /(x,y) 
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**** 



1*. 



-■1 



4^ 



0^ 



. .-.-pi- i r i vfYv,^rf^^i .■ --v-VY- i - V- i""Y ■■V--|---|---|- f f 



jU f lim , » Mm /(x, y) 



lim (/ + 5 ) (x) = \imf(x) + lim g(x) (1) 

a:— *xq i^xo x-*xq 



x 



lim(/ 



lim f(x) 



lim g(x 



(2) 



lim(/. g)(x) = ( lim f(x) ) ( lim g(x) ) (3) 



lim (f/g)(x 



lim f(x) )/[ lim g(x) 



(4) 



lim g(x) ^ 0 

X— *Xq 

o = Oo,yo) J x = (x,y) 



: jjio J^lj jJcu ^ iSijJJ ajL^JI ^j^j 




rr 0 J 




UJ 



0* 



lim f(x 



x—*x 



0 



lim f(x) 



x-^x 



+ 

0 




eJlS" SSI S^p-j^ 0 ^SJ lim f{x) IA^1\ b 






.(11 




r 



■jrL" ■ ■ A ,,, A^ ,,,,,, A ,,, A , ■ m a ,m a "a-w. ^ im ' .^'a- ^■4 T iVAj. UA »u— A — Jl » 



"a" "a "a" 



"»""".'.' , A ,,,, A^ , A' P ^ , A^ ,, A ,,, A , A"/VU" 



■"^r^"", "A" 



,, ^ L A ,, A ,M ^ 'J W ^ "A ^'"a'A 1 ^ A^'Via'AUAW. 1 W"j, n TT "UW. J^A" AWn 



y 



V. 



7. 



J** 




, yo ) 



j : i - : : : v: : :-i - :-rr ... .■ ■. 

I 



■■ -r : tt-v:v:" ■■■■■■■■ ■■■■■ ■■■■ -: r- ■■- ■■■■■■■■■ ■■■■ ■.■ - .■■■\-.--:>: : r v& ■■ - .-. _ ■: :■: ■■: _ :■: .i-j-j-.-i 



_a _ 




.-. j-:-: :■: 



hlf3\ L4J yijJl uU ajL^: 




x,y) 





^ j i ; 



L + _ ,, n. h_ 1 T ' H 



. ,H ^r 



r u H . 



1 "r' ■ 



J ■■ j r 



■ j ■ ■ L ■ ■ -V ^V'i; ^r^^;; ^- r.- ;;-r:; 



'r | P hr' 



J % 0 



^ t "_r n 





"T'h i ■* J 





■ H, ' , . , . r-t - "m i 



(Continuity) JUrtt 6 J^' 
jl^r j (x,y) iWAi JS" o^u, /(x,y) UIjJI cJl^ ISJ (1) 

a| (continuous) el +x* Ojiw / dp (so.yo) 

:UUII 

• Sj j s s-^' /( s o,yo) (t) 

.iiyrjA lim /(a,y) ( v ) 

(x,y)->(xo,yo) 



lim /(x,y) = /(xo,yo) (r) 

(s,v)-»(i 0l |to) 



4l„n:« jj> iJlJLJl dp t(£ c V t |) ^ ^ JJL>^. ^ lil (2) 



• (^o> yo) Jif (discontinuous) 



.5C i? 2 of 



i : 



33 




34 



lim (5x + 3m) = 19 

(*,y)-»(2,3) 



of $>0 jL&M k^jikJl oil ie> 0 43 1 ^ 



2 



0<J(x-2Y + (y 



2 



<$ d\S ISI |5x + 3y-19 



< e 



4j 



* + 



J 






19| = 1 5a; — 10 + Sy — 9 




x — 2 




3jt/ ~ 3 



en 



x — 2 





(x — 2) + (j/ — 3) 



|y-3 




(y-2) 2 < J( x -2)* + (y-3) 




2 



2 



J 



Of 0>J (1) ^ |y-3| J 



X 



2 I a* uAl**^J 



5;r + 3y - 191 < 5 




x 



2 + (y-3) 2 + 3i/(x-2) 2 + (y-~3f 



<8 




2) 2 + (y-3) 2 < 8 ^ 



lim 



JiW.SWiWn^- 



0 



35 



j^p cJ^Vl ikilj j^j jU (^| ^^JLp ^jL^JI (5jL*J ajLjjJI jl 




at 



6 > 0 j» 4j I (1)1 <w»>«JJ £ > 0 Jl>-jJ 4j1 ^jjf jAi 



a: 



+ y 



2 



< e DU 40< v/x 2 + y 2 < 6 i 




y 2 <x* + y z j t 



,2 



2 



X 



< y^x 2 +y 2 




/(*,y) 






xy 2 


■'■h'lh'lh'lh'lh'lh'lhh 


x 2 + y 2 



< 



x 2 + y 2 ) (x 2 + y 2 ) 



x 2 + y 2 




x 2 + y 2 



■1. 




lim 2 ^ ~ **" <^) lim ^±^ + y 

(x,y,z)-*(2,l,l) y 2 - XZ * (^,^-(-1,1) x + y 



x 3 + 2x 2 y — xy 

lim 



ss^Wi'asss'htiWiVTTiV^'i'av. 1 . 1 . 1 ^:-:-:-:-:-:- - -:-:-:-:-:-:- 



* )2 /H(2 -i) x + 2y 




: jl J- 15 ^ i*~JI j! Ji^ 




+ 2xy + y 



lim 



.4 



2 
1/ 



(ar,y)->(-l,l) X + y 2 



0 



lim x + 



1 +1 



36 



lim 



2x 2 y - yz 2 8-2 



(x,^)-(2,i,-i) y 



2 



3 



2 



lim 

(s,j,)-(2,-l) 



x 2 (% + 2y)-y(a; + 2y) 

x + 2y 



lim (x 2 — «) = 4 + 1 = 5 






li J* lim 

(s,y)->(0,0) X 




1/ 



9 



2 — v 2 

lim T \ ^» = 1 dJJJL j 
(x,y)-(o,o) + y 2 



r - -y r -y , 

lim -7T- — r = lim — r- — — 1 
— (0,0) x 2 + y 2 (s,y)-(o,o) y 2 



63 J^"J* j*& *U 



37 




x 2 y 

lim — =• 

(x,y)-(0,0) x 2 + y i 




»u y=x j 




]■ x2y 

(z,y)~»(O s O) + 



X 



3 



lim rt 0 

(a: 5 y)~+(0,0) 2ar 



0 lim — — 0 

(0,0) 2 



0? *X>«J y = x 2 jL~J 



x 2 y 



4 



w.-iy^yi-iyi-i totmt/\ n mmwmm/t' 



(a,yM0,0) X J + J/ 2 (*,vM0,Q) + X 4 



lim 



2 



foyMCO) 1 + ar 2 



0 




ft : * 







r > 0 



1/ 



rstnv, x 



j'i'i'i'i'i'i'i'i WiT 





38 



dUXj >*JI Jl Jj>- r uU (0,0) J\ (x,y) ikiJl Jj>" Uxpj 



Km r sin# cos 2 # = 0 

r->0 



:b\ f «iUJI JU:l ^iiU 



9 

air 



/(.r. ,(/) = { .r :i + ?/* 



; (x, y) f (0, 0) 



0 ; fay) = (0,0) 



(r eos6){r 2 sin 2 6) cos0sin 2 O 



r 3 (co$ 3 0 + sin 3 0) cos 3 # + sin 3 0 



r 



.J^l JUp aJl^u ^ JljJl jjSC" dUlj 



Iim Jo- j 



y 



2 jL~«Jl «L>- U 



39 



^1 ^J£A\ 



lim 



x + y 



(xt- 2) 



(~,i,)-(2,-2) x 2 + 2y (**)-•<*.--> (as - 2) (x + 2) 



lr 



1 



(x,5/)-(2,-2) X + 2 



1 

4 



lr 



2 + y 



(x,vH(2,-2) 4 + 2y 



1 
2 



2 jL_*Jl >I>-Lj 



? * ■ ; ■ h i ; ■ h." 



■ # ■ . r l 



-"'If" 



r 



H , Hl - "hi 



. r ■■ ' 





i r 'H 




' j > h 



J-V_ 1 - 




^7" 



' H 'n 



. ,U H. ' r,'^ 1 J hH r . n ' 



-v-J-jjV;*" 




-V: t"- ■ ■ 



- , :^-;ih. , :-h , '-.;r7. , : 1 -r: r n-. 



r r | 

+ - i m 



■ s * ^- . r --H ; 



. r ' , - *- ■ hi 

.}i.:"i:^>l,• : i.":^ 



# ■ :* h- 



_-H. '-r 



-r . 



(Iterated Limits) o j jSslJ 



Jjj; (x,y) ikiJi Ujup /(as, y) «IjJI d\2ji\ui\ &\S J JcJ\ Obl^-ll 



: L* (a, b) Jl 



lim lim f(x,y) , lim lim /(x,y) 



«>*-Ai ^ U5 ; J_^ , C^-f- 31 tfjL-ij jt* . Hm /(«,») SjW-JI 

D^i to^j- S^Ml iiMi w_JL_T ISJ Urn /(x,y) ol^Ji 

(aE,jf)-Ho,d) 



40 




lim lim f(x 7 y) 



'So |S f ^ '^'^ 



lim lim-r—r 



lim- 



li] 



0 



8 JL_k 



xy 



,lim lim f(x, y) 



0 



lim f(x,y)= lim „ Xy 

' (*,v)-(o,o) x 2 + y 2 



lim 



lim r = cosO sznd 



r 



41 



sJb hip ojls- isi .ijajui sj^u gui jijjji ^ 



Jl (x,y) ikiJl Jj>- UdlP fep^- 



2 



# 2 + y 



2 



( 



/(&> y) 



xy 



h(x, y) 



xy 



2 



( 



w{x,y) 



x 2 + 



•2/ 



4 






Mill WiW*W*W***¥^ 

'^T 1 '^n '^Tn ^^Tr nnP . . J| J 

(x,y)-*(o,o) 5x 4 + 22T 



(3 lim 

(£,y)— >(1,0.5) 



X 



3 



x 2 y — 2xy z + xy 



■ III ! 



.3 




1 1 1 1 1 1 1 1 1 1 1 1 n 



2 



4y 



lim xy £n(% 2 + if) (5 

(a,yH(0,0) 



lim 

(^H(0,Q) 



3 



x 2 y + xy 2 




+ y 2 



lim —pi 



(7 



lim 



1 — cos(x y z 
x y z 



x 



lim - , 

(x,3/)~»(oo,ao) y*e x ' v 



(9 



x 



lim 

(x,y)-(0,0) x y 



/fr, y) 



x 3 y 3 



x 



12 



+ I/ 4 
0 



3 



(x,y)^(0,0) 



1 



fay) 



(0,0) 



42 



aJIjJI JUi JtiU (11 



(* 5 y)^(o,o) 



= (0,0) 



xy~2x-y + 2 ( 

lim r — U I 

>,y)-(i,2) a; 2 4- y 2 - 2x - 4y + 5 

_|_ y3 _J_ ^,3 

lim — =— — =■ (13 

km X y^—-^ (14 

(x,y)->(0,0) x 2 + y l 



lim ( x 0 - 4 - |/ 0 ' 4 ) ( x 0 - 2 - //" '' ) ,(15 




x + ye 1 . 

(x,y)~>(0,Q) l+y 2 



43 



ISIj iu*. yj k& s^Us, x oJlS" \s\j y j x ^.^JcJl ^ *Jb / eJlS I 

.x ^JcJJ 4~~^ / J «iJ^ L^U AilJLo / iJUU 




y (ijX-^Jl i ncB 2 4ikuJ I i Aiyc /(x,y) *J!jJl oJlS I 

: J I US ObJj>Ji j 1-Ox.iJ 1 ciytf .Q iikuil J, (x,y) ikiJl 



a/ 




lim 



/(x + Ax, y) - /(x,y) 



■■■■■■■■■■■■■■ 



df 




1/ 



Til t/^tti^i^i^f 



lim 

Ay-+0 



^"^^^ 

Ay 




t SJL^Vl iJljUU SJliJl iJ^Jl ^y. aJj^- cjXjcJLa ^w" 0U1JUJI el* j 






dx 2 



fxx 



lim 

A#~-+0 



f x (x~t~Ax,y) - f x (x,y) 

Ax 
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a m 



dy \dxJ 

9 ^ 



dx \dyJ 
dy \dy 



d 2 f 
dydx 

d 2 f 
dxdy 

dy 



J 



xy 



lim 

Ay-»0 



yx 



lim 

Ax-+Q 



f x (x,y + Ay)- f x (x,y) 

Ay 

f y (x + Ax,y)-fy(x,y) 

Ax 



2 



w 



lim 



fy{x,y + Ay)-f y (x,y) 

Ay 





fyxJ fxy Ji-« SJJ*!- oliul* 




I* 




cJiydi ^IdiiwL f yJ f x J^jli t/(x,y) = sy 2 + x 2 y + 3 eJlS" ISI 



lim 

Az—O 



{f + Ax,y) - f{x,y) 

Ax 



(x + Ax)/ + (x + Axfy + 3-xy 2 -x 2 y-3 



lim 

Ax^O 



Ax 



Axy 2 + 2s(Ax)y + {Axfy 

Ax 



lim 

Ax-»0 



lim (jf + 2xy + Axy 
y 2 + 2xy 



•ISM Jij^ fy 
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■ j-i-. ■i r :-.-. : .-. : _-.-.-.-. : .-.-.-.-.y_ r .-.-.-.-. : .- ■.■ 











4 





"■"■"■"■"■"■>£— "— "— "i "-"^1" " — . ."r.\ — . I".".".".-".". .■.■.■.■.■.".■I".".".".". sssss^sss^ssssssAfssqrqrsfrfaf 



/yj /* -^rjti ' /(x, y) = xy 



IS 



ye 



^ 

^ +xy e* 2 ** 2 (2s) 



= (1 + 2x 2 ) y e x2+2/2 



2/ 



2 



(2y) 



(1 + 2/r) x e* 2+ ^ 



/, = e^"/*) cos f ^ 

\x 



y 



X 



2 



cos (-) e siniv/x) 




fy 





0>*\&&5 ^v&\ 46 



P(x, y)dx + Q(x, = 0 



:0l 



P(x, y) = ye xy (cos xy — sin xy) + cos x 



Q(x,y) = (cos xy - sin xy)xe xy + sin y 







ap 




(e^ + xye xy )(cos xy - sin xy) + ye xy (-x sin xy-x cos xy) 

(1) 



dP 

— = (cos xy — sin xy — 2xy sin xy)e xy 



dO 

]g± — r e *y + xye xy )(cos xy - sin xy) + xe xy (-y sin xy - y cos xy) 
&y 



^ = e xy (cos - sin xy — 2xy sin xy) 
ox 



(2) 



LUUdi u! (2)j (1) ^ 



(2,2) ikUl / yJ f c J^/\i t/foy^x** jl£ iSi 



47 



In f(x, y) = xy Inx 



1 



f(x,y 




x ^ v-JU ^>j| J^U 



y In x + (xy) 



1 



yln + y 



fx 



x xy (y In x + y) 




: jl 0>J (2,2) ikiJi jup 



/*(2,2) = 2 4 (2 In 2 + 2) 



2 h (ln 2 + 1) 



x xy (ln x){x) = ar^+i Zn x 




:dl juJ (2 






/a: (2, 2 



2 5 2n 2 



1 ( n l 

dy \dx 




5 



+ Ax 



6 



3y 2 olS" 



5 / .4 , n „..5 



2/ 



4xy° -f 2Ax 



1 (<! 

dy \dx 



Ay 



3 



20xy 



4 





4t/ 3 (l - 5xy) 



Of 
dy 



U^jJ f yx } 





Axy 



3 



2.4 



61/ 



48 



d_ 

dx 




Atf - 20xy i 
4^(1 - 5xy) 



(2) 

:b\ J*i (2)j (1) ^ 




d_ 

dx 





Vv_ ■ 



liiwiii 



■ ;,."# p !»... , i.' 



_ L h ^ i 



1 H I ■' i' 1 r i j ' H 



> r ; ' 





Wig 



- H. r 




■ill 



^ ^ ^ ?V^V■ : r;^::^"■ 





' ■ . : * ■ 





^ i hi 



1 r_ , r '. 



■ + '! J. 



1 4-, J 



r ^ . t, + ." 



1 n r 'r ".- 



-r r 1 j 

-: ^- 





' 1 j i ' 1 I 



" . ■ i ■ r % : j 



- h P : p ■ , i # 







:aJaUJi tvim jit. 



x 2 + 3|r 2 + 2 2 -10 = 0 



x = ±i/10 - x 2 - 3y2 




:SbUJl JS>Jj y,x ^ i3b zj ol^Jcu 2, y,x cJ 




x 3 + y 3 + 3xyz = 5 



&y J dx 






■YMYiYH I W 







3x 2 + 3yz + 3xy— = 0 

ox 




dx 3xy 



x 2 + yz 





9u/ ftij 





e xyw sin(xy) cos(2xw) — 4j/ 3 = 0 



50 



;ol a>J J^UJI U** *u,j 



9io 

e xyw { yw + xy— 



+e xyw (sin xy)( - sin(2xw)) [2w + 2x — ) = 0 



1 

xy sin(xy) cos(2xw) — 2a: sin(xy) sin(2xw) — 



2to sin(xy) sin(2xw) - y cos(xy)cos(2xw) - ytt; sm(a:j/)co^(2xw) 



&u; 2tf tan(2xw) - y cot (xy) — 



Sr x(y — 2 tan(2xw)) 



(x 2 4- y 2 )(3x 2 y - y 3 ) - (x 3 y - xy 3 )(2x) 



2 / o . o\2 



(x 2 + y 2 ) 

/* = xS ^ xY 2 ^ yh Jl JjUl ^ of ^ 

(x 2 + y l ) 



51 




a: 



5 



Ax z y 2 — xt/ 4 



1/ 



(x 2 + y 2 ) 2 





/(a v 



x 3 y 



x 2 + y 2 
0 



Co 




(■'•,?/) / (O.U) 



(x,y) = (0,0) 



0 



/xjf(0> 0) 7^ fyr ( 0 , 0) (i— > 



/.(0,0) = / v (0,0) 



J^II'WJ'rtl' 



: jl (.(wiycJl UjoUuI (jSU-j JliJ 



/.r ( J' • .</) = lim 

Ax-*0 



f(x + Ax,y) - f(x,y) 

Ax 



f x (o,o) 



lim 



/(A*,0)-/(0,0) 



Ax 



r 0-0 
Inn — — 

Ax->Q Ax 



0 




/»(o,o) 



fx(0,y) 



Ufa o) 



lim 

Ax->0 



/(0,Ay)-/(0,0) 



Ay 



lim — — 

Ay-»0 Ay 



0 



1/ 



5 



y 4 



y ; 



X 



5 



; x ± 0 



J 



y) 



lim 

Ay— ^0 



f x (x,y + Ay) 



fxfay) 



* H * W > 



Ay 



J 



fxy(0,0) = lim 

Ay-+0 



^tjji '''''''''''''''''''''''''''' ' (^3^ 

""Ay - 



■■■■■■■ l ■■ -l --iH ■ 

■'fiViVi'Wi^ 



i 



/»»(o.o) 



.. As 

Inn ~ — 

Au-+0 Ax 



1 



(1) 



01 Lf^iJ SijiaiU 



J 



(2) 



J^i ika; xp f xy +f yx d\ (2)j (l) y 




£ 3 



/ 5J1jJJ 5Jliil Vy' a* oliulJl J5 -b^jl 



stn (xy 2 ) + In 



x 




f yJ f x 3 UJ ^ UU\ Uj»J\ oUi^J! J* J^J ^ 



5 3 ^v»» 



2 1 



f x = (cos(xy 2 ))(yY + 



x 



y 2 cos (xy 2 ) + — 

x 



J 



fy = {cosixy 1 )) (2xy) - - 

= 2xy cos (xy 2 ) — - 

y 



jl US' SJliJl iJ>Ji oUiJLjl .Ip 




/** = -V 2 (sin(xy 2 )) (y) 



2 



1 



IIIIIIIIIIWIL 
■TTt ^.l ..I ..I ..l.l.l . 1 . 



I/ 4 sin(xy 2 ) — — 0 



J 

/ w = 2a: cos(xy l ) - 2xy(sin(xy 2 ))(2xy) \ 

V 

= 2x cos(xy 2 ) - 4x 2 y 2 sin(xy 2 ) - * 



y 2 



Uy) x = % cosfxy 2 ) - y 2 (sin{zxy 2 ))(2xy) 



2y cos(xy 2 ) — 2xy* sin(xy 2 ) 



J 



(fx) y = cosixy 2 ) ~ xy 2 (sin(xy 2 ))(y 2 ) 



2y cos(xy 2 ) — 2xy 3 sin(xy 2 ) 



54 



flx.y) = arcsin -~~ — 
Jy iy; 1 + y 

f(x } y) = e sm x tan xz 

f (x , y) arctan — 



AW) ^ x 2 +y 2 +z 2 









(2 




y) — cos(xe y ) (1 


(4 


f(x, y) 


— ln^/x 2 + y 2 (3 


(6 


f(x,y) - [x- 


-y)sin(x + y) (5 








(8 


f(x, y, z) e xyz sin xy cos 2xz (7 



/(x, I/, z) = arcsin- — - — r (9 

1 + xyja^ 



(0,-1,1) ikiJ! JUp = e 2 *~ 4 ^ (10 



(-1,2,0) AkiJ! JUp f(x,y,z) = xy 2 sin z (11 



2 



f(x,y) = { x 1 + -l/.r ' * ^ ' ' (12 

0 ; (x , y) = (0 , 0) 

:ol ^L~>- f y j fx ^rjl 

/(x,y)= / sin I 2 * (14 f(x,y) = JP(t)dt + jQ(t)dt (13 

1 1 



:ul ^ /„(<>, 1) a^ji (15 



/(x, t/) = (sin x) (y*v- sin y)e cos v + ln(l + x 2 )cos(x + if 

^ jbiiJLji t u; - e™*^ (16 
ay ox 



55 



dw dw „ 

4 4 — AJj>Jl 



ft/; 

9x 



* 1 . •» 




iW 



2 



\x 2 + y 2 



dx 



O UxJL J I 4 xyz + x 2 z + xzw — + yz 



2 



to 



2 



= 3 

dw 
dz 



w 



XX 



4w 



yy 



1 



56 



riJlxJl iiiUl ciyuj / iJUJl J^Ul ^ df oU iy = f(x) 

df = f(x)Ax 

,D!>Uz^ o\jJc* x j Ax ot 

= ^-1 us- ^ ami j^u oyuj 
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dxj 



_1 2 - 
10 2 



3 



2 



0 2 
2 • 1 



7 8 



7 



4 



II* 



J 



fix 



2 



4 



J 



2 



7, 



dy 

dx 



2 



8, 



1 



dxi 



7 







ft 4 « 



2 



J 



y x = u\ ■+ u\ — 3u\ + u% 



= X\x\xz 



J 



y 2 = u\~~~ ul + 2ui — 3u)3 



2 



2 



«3 = ^2^3 




<5>u 



9u, 



dxj 



2ui - 3 2u 2 



2ui + 2 



2m 2 



1 



3 



2 



X\x\ 
X\X2 



u 1 =u 2 - u z uli xi = x 2 = x 3 = 1 olS* ISIj 
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1 2 



1 



4 



2 



3 



1 1 2 

1 2 1 

2 1 1 



3 



4 



4 1 
-3 3 








(1) ^iU^Jl ^ J^LLJI iJU^ *I^L L^J lil 



dyi = ^d Ul + ... + ^ du 



du 



i 



( 





1 



du 



i 



1 1 1 H I 



9x 




# W A 



1 




<9m 



i 



Gfe„ = + ■ + t— - dx 



dx 



l 



dx 



n 



n 



(4 





w = U 3 + V 3 



2m 2 , z 



u 3 + 3u 2 v 



v 3 + u 2 -v 2 0' •* 



<9(z, w) 
d(x,y) 



y 



0 j i = l Ujup v = a; sin + x 



2 



y 2 , « 



a; cos xy o 



<9(z, w) 
d(x, y) 



d{z ) w) 




d(u,v) 



(){u. v) ' i){x,u) 



3u 2 + 6uv + 2u 3u 2 - 3V 2 - 2t; 



3w 



2 



4u 



3v 



2 



cos — xy sin x 



x 2 sin xy 



sin xy + xy cos xy + 2x x^cos xy - 2y 



v 



1 ju — lo\iy = 0jx = l U^p j 



S(z,u;) 

d(x, y) 



11 



2 



1 3 



1 0 



2 1 



(33 - 2)(1) = 31 



8 5 



-:/.--.-.v::---::— i --:::--— — .i.j-:-:;.^.;..-^.....:;.....................—.......-. — ■::---iVi --iz:::::::::::: : :-.:::-y .. L _ 







■■— >l««*=-«^^^^^^^^o^^^ j.v.r.i.ij.^.^.^^.^. .^._or.-.-.:-.:-.:-.-.__-.-.-._-_ r .__.-. : : . r .- ..-. r i 



j y 2 = u\ + 2u x u\ + 2u\ - u 2l yi = u { u 2 ~ 3u x (I 



xi = x 2 = 0 Alp u 2 = x\ tanx 2 , ^i = X] cos3x 2 
Ul y 2 — u\- 3u| + - w 3 , t/i =u\ + u\- Zux + ujj 

x\ — x 2 = xz = 1 Ujip u 3 = x 1X2X3 4U 2 = xix|x 3 ttii = x 1X2X3 

* t 0 



X2 = -1 4 xi = 1 Uiip u 2 = 2xj + X2, tii = arf — X2 

. y = 0 j x = 1 Ujop tx; = (s - * + l)" 1 , z = (s + 1 + I)™ 2 
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.-. — .w™ — .-.-: — .-: — ■■ ■.■■■-r-:-----------:---------------------------T -■■■-■7^ ■■-■■■■■^ -■■■■■^ -1 -. 








£ . JJJ. .uxxxj-, r.n-.-^.Ti tH.i .H'i -i .V-m i iV-n i Un r-rn i.-V 1 — ■ ■ i-u ■ ■- - -J . " J . i -J ." -i^ i - '. ^mY SYmY '. ^iYi^L nv-mnWinniii inYnV Vi 1 - lVini ft in 1 '" .i.i i-. 1-1 i 1-1 ■. 



r"i-ii ^i- -r^r ^ " 



u. .■ ■- ■. Ltf l -t t n n'n r A -Vr inVL J 'TV A - ,J TA1 *- -A V" 1 rJ 1 



i- m n -i-'rrr r 1 - r r" r ■■■■■■■■■■■■■ .■.■.■.■-l-a-.-.-. .-. 



z 





X 




UAll J iU,l li Uk- Ji~" z = f{x,y) 



.*Ui5l ,y Lk- JJUJ F(x,y,z) = 0 <jl ^ 





y 



F{x, y,z)^Q 




- --i-:-:-:-:-z-T.i.:.— ,--t:-_ .■ _■ 



X 




= f(t) b\ ^y^j ek-J! J* ^ (xi,y u z 1 ) ikiJI ol 

I JU ^JL ^lil Lf ^J^ iij^\jU\ o^aUJi JUJ z = h(t)j 

:ul ^Ij (13) >1 .t = *i Uju* (xi.yi.zi) ikfcJL 



Ff(/t), g(t),h(t) 



0 



(1) 



(2) 
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iS*\ (xi,yi,zt) jjjs 



dF dF dF . , 



dx 1 &y 1 dz 





= h'(t)dt, dy = cf(t)dt, dx = f'(t)dt 



dz = z- z\ j dy = y-yi, dx = x - x\ d]i dt = t-t\ UjUlp j 

:<Jbdl l Jy *}\ J* ^ o! ^ (2) ifcUJl 



(a; - an)F x + (y - + (z - z 1 )F 1 



0 



(3) 




1 ps» J M 



V SjjaS.Sfl &UJIj iO>^Jl j^uiS ^U^J! Jlp JiUJ 

^j^^Jl t (3) SJiUJl <dl<J ^U! jjfcj Jb-lj ^jis J> {x^y^zi 






>>:!!>h. j-.-'.T.i. .. > .....^ r ... TJ . T ...^... T ... T ... T ...j...J i .^..L v ■ lV ..: T . T . TiTJ . TTi . iT ^..j,....^^^ 







- W '.-TW-J.'.-TiPi-Ti.L-J.h H.'i'.-.'.-.'.'.-.'.-.-.'.T.-.'.-.-.-.H r 



XjFAr = 0 




'".'-'.■IjZ- 



■.'.-j-L-. 1 .-. 1 .-?.:. 1 1 -S-V^ 




■■■■ ■■ -r -■■■:l::lv.-.-.: -.■.■.■.__-.-._'. T . : .n j. : . : . L .- Ln - V ......n r.j lir . 



(4) 



:F - VF j r = xi + yj + zk r^^Jl 4>c* j! vl^ 



„ dF. dF , «9F , 
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. (x 0 ,yo^o) 



4 




jF(>, y, z) = z - f(x, y) jl ^yu 

(x - x Q )F x + (y - y 0 )F y + {z - z 0 )F z = 0 (1) 



:uf o>J (1) ^ ^.^j 




4a; 2 +9y 2 + z 2 -49 = 0 



.(1,-2,3) ikiJi JUp 




F(x 3 y, z) = 4x 2 + 9y 2 + z 2 - 49 = 0 

= 8x = 8 <>*-^d 



= 18y = — 36 



F z = 2z = 6 j 
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:SJbJl J* J^>j ^UJI ^ji^Jl J ^ydlj 

(x - 1)8 - 36(y + 2) + 6(z - 3) = 0 

:SJbdl Sj^JI Jl iiUI &UJ| j! 

4a; - 18y + 3;z - 49 = 0 



z = 2e x cos y itaUJl ^ JuUcJl 




0 



7T 



5 r, 3 



3 



1] ikiJl X* 




a; 



cos y = 0 ol jij 




J 



= 1 t F y = 2e x sm a/, F x = 2e~ x cos y 



Fz = 1, F y = V3 5 F x = 1 



1 = x + >/3 



7T' 



jd 




i + \/3 j + Jfc 



90 



71 



2 = 1— t, y = — + \/3t, X = t 



:^ij^jJl ibU-J JJuLwJl ojj^Jl oi 



7T 



X 



3 



z- 1 



:iJhJl Sjj^aJl ^Ip ^iSJ (Normal line) JuUcJi 




y -* yo 



Z ~ Zq 



■ 



fx{x 0y y 0 ) fy(x Q ,yi)) 



1 




I ^ Jli^JS ^ 



1 



(8) 



7T 



1/ 



3 



v5 



Z *— 1 



1 



x 2 + y 2 + z 2 = a 2 




ja^, S^i! ^ u! ^ j! ^ (0,0,0) ikiJL ^_ S^SJi ^ ul U, 
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. JuUcJl 




dz 

dx 



••J^\ J^t&i ^Qic-ly 



z 



dz 



y 



x ' &y 




x~x 0 y~y Q z- z 0 



Xq 
Zq 



yo 



1 



X 





?V;".m i'i . n.V. . . m.m-mVm m M.M-M.M..V. ..V..-. ..." i'i Hj Vmm . mmV.Vmm nYnY.Y. .r--- .-. .- lVl .-. . . ...v.-.^. uYmY.Y.m V-mY -V. lVlVl 



JS3 o^UuJ 







2JI O^p z = e x sm y (1 



.(4,1,9) «kfcj| v^+^/y+^ = 6 

.(3,4,^5) ikiJi Xp z = ln(x 2 + y 2 f 
.(-1,2,1) iL&Jl jlp xyz - 4XZ 3 + 1/ 5 = 10 
(si , t/i , zi ) UaJjJl ju* ^U^J! J | U>U_* j! ^ 



:iJlxJl Sj^Jl ,ip ^Sj — + ^- + — 



1 



(2 



(3 



(4 



(5 



(6 



+ -^3T = 1 



^2 




B 2 (Jl 
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£tJ&**JJ ^j*»L«^o JS" U I f y^i 



(7 



. J^Vi Ski, a? + v* + z 



a 



2 



+ 



6 2 



cz 



2xa; 0 2|/y 0 , . x 

+ ~T^~ = C(Z + Zq) 



a 



2 



b 2 



(8 




.y jjx* ol>Jl ^ U,L*I ^ /„ aJj>J| ^jlJI dliKj 




— ■_ j^-- 





sin 8 




cos $ 





'~ ■ : : : >- r^;- v.— _k — .=_^^_ra-~ y .--7 ■; L 7"~; 



7 : ; -; : v - ; : ; : v^ VW „->- „-.■. .■- - - v ; : - ; : ; : ; : ; : ; : ; : ; r~ ^yWttt 7 "V7>T>r ^WV^Wr^™™^- - ■■>- :.:■:■: ^- 



iSj^\ J p(x,y) julji ^ t dJi ^^Jj .jjt^Ji 



(14) JSCUI >J| 



u = cos #i + sin $j 
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D u f(x, y) 



lim 

h->0 



f{x + mh,y + imJi) - f(x, y) 

h 



10 iJuyS 



1^ " 



ti *jt'. 1 



1 ^ J h 



■■I 



mimi 




^^^^^^^^ 

111 



MM 




i 



9 
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: JL LS g{s) yioJl 



#(s) = f(x + sn u y + srn) 



iLJuJl SJipli J-JaZij 



= fx(x + sfj,i, y + s/ii)Mi + /j/(a; + SM2,y + 5/^2)^2 



^(0) = /a, (a:, y)//i + f v (x, y)fx 2 



(1 



* tl 



(0) = Mm 



$ — 0 



Km .A-' - 4 */'!,?/ + */<::) - f (■>',</) n , 

s— *0 ,9 



(2) 



01 



£^ (2)j (1) ^ 



D u f(x, y) = /c/xi + /j,/i 2 



<y *JlaJ1 Jl ^ ol ^ ^.^Jcu ^ aJSjJL3 ig^uJl ii^Ljl 
.<**Jl< j\ • IsJV! ^Ul iUl 5!%* ^ oUjVI oi^Jc 



u = pii = fj, 2 j + fi 3 k 



/t'f + tq + /t ~ - 1 :u1 



96 



11 




I US' 



D u f{x, y, z) 



lii 




.aui ou^j ulj 4jLi* oUjJij 

.*6)j (5) J~k? g^jd iiJuVl >u f Ai^ Uij 



^ /iJIJdJ 





1 1- * 



1 Jl_k 



x + 5y 



(1,-1) XlafcJt Xp 1$uJ J^-jI 40 



7T 

2 



SIS' 
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->> * - - 



D u f(x, y) = f x cos6 + fySinB 



f y = 2y + 5 j / x = l DLi (1,-1) * la i: II jl^pj f x = 2x-l b\ 

.f y = 3 OU (1,-1) SJaiJl 



D.(x,y) = (l)(i) +(3)(^ 



1 3^3 




JLp / iJljJJ i*»^Jl AkJul\ Jb-jU i f(x, y, z) = xe** + ye" + ze** cJiS IS! 

.(5,3,3) Jl (1,0,2) SkiJl ^ oUjVI ^ (1,0,2) Mi 



1 j 



jl US 5 4>^J| 



tf = ^((5-l)i + (3-0)j + (3-2)A:) 



1 (4i + 3j + A) 



v^6 



^"l US' 5jj>Jl oLSxJUJl «w~~>Jj 



/r = c y: + yze xz + yze x y =► / r ( 1 : 0, 2) = 1 



/„ = xzev + r. r - + xzc x » => f y (l, 0, 2) = 2 + e 2 + 2 = 4 + e 2 



A = rcye** + xye M + e 3 * /, ( 1 . 0, 2) = 1 
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A,/(l,0,2) = -|=+(4 + e 2 ) 3 



V26 



17 + 3e 2 
V26 



\/26 



+ 



1 



V26 



J 



:.::--.: : :r : :.: : ::;"\-. 



y) 



X 



2 



4xy b\ ^ jO> 



p(3, -2) ikiJI / i] WJ -jodl Jbrj! 



(I 



0 UJVI ^ p(3,-2) 0^ / aJIjJJ i^^uJl iiJUl 3 ^ (!) -jiij^l ( 

■P'(4,l) Jl p(3,-2) ( y 

^3 Jl*: /(x, y) eJlS- lil ( v ) *j»Jl ^ il^l jLiU ( 



jdl (I 



V/(ar, ?/) = /*» + f y j = (2x - 4y)i + {-Ax)j 



a 



j! o>j P (3, -2) ikaji xpj 



V/(3, -2) = 14i - 12j 



P 1 J P & 'kJVl JUj ^JUI a^sJIj 



(4-3)i + (l + 2)j = i + 3j 



a 



1 



99 



D u f(3, -2) =v/(3,-2).tt 



4 



36 



22 




VTO 



6.957 




oJtf IS! ( 



.pp' ol>J^1 ^ 5iL^ SJi^j J£! 6.957° J.Wj 



■.■. : .-.-.-.-».-.-.-. i : .-.-. L .-. r >L-.-. L L^L-. .-. J-l ■■!■! ■■■j- ■.■.■.■-r--.-.---.r-:-"-"- - — ■■■■■■■ :.-.-.-.-.--^.-. L --. 



■.■.-.■>>i-. L . r .->:-i-_ .-. .-. _■. _w.\-!-i _ ■■ 




3 







■if 




J 1 



3./ / 



^-.W.-'n 



:^.'.'."H T v." 



V 



/J 



7 r ] 




1 



/.I 




4. 





y 4 






1 * 








^ : ;>.v ; : 



7^ 



4J \ 





- Us 



-I-::' 



-LVj:.::-:-: n 



1 v 



-. ^-v --. — ■ ■■■ -r. — ■■■■■ -■— ■■- -J - 



".".-I".".".-. I". ^-v. " " 



(0,2,-1) ikiJ! JCp D u f(x. y, z) i^uJl «ULJI Ji^j 



/(x, y. z) = cos + sin res 
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u = u\i + u 2 j + u 3 k SJb-jJl ashIa d\ ,y> j*> 
jl U5 (0,2,-1) JkiJl Xj> V>JI oUUUJI « >J, 



?/ sin xy+z cos xz => f x (0,2,—l) 



1 



/i 



y 



x sin xy => /^(O, 2, —1) = 0 



x cos xz / 2 (0, 2, —1) = 0 



J 



AJ(0,2~1) 



J 



^.ri'WMn^iVp-.^W, SMMV.VMVM.V.Mr'.V.V.V.V Y. . Y.- . V. .Yr^ . ■ . - . lVl . . nY.YMYnY.Y.Y.Y.Y.V;-.:.:.- Y..Y.- ^ Yn" ^YmY," . .-m" . lr ,V 1 V 1 VM^V 1 V 1 V 1 V 1 Vr' 1 V 1 V 1 V 1 V 1 Vr' 1 V 1 Vr' 1 V 1 V 1 V 





-m .Vm mY.YmYmYm .Y.Y.Y.Y.Y.Y.Y.Y.Y.Y.W.Y.Ym .Y.Yr^.- - .V .t.Y.Y.VmYm .Y.Y.Y Am WnY.Y AmmmmV/mYmY V ...Y. £ r. .hYL. - llVl .Y.Y.Y.Y.Y.Y^Y.Y. .Y.Y.Y.Y.Y.nYMY.n.-.nnr. . .Trr*.; .y^'mmY! V 



JS" ^ 5 SJb^Jl a^uj olk^Ji AkUl jup i^^uJl iSxJUJl jbrj! 



d)' *i~t->- (2,1,-2) <JaJjJl JUu> /(x, y, z) =x 2 + xy-xz + y 2 (1 

. u = u\i + U23 + u^k oJb- jJl 



df <*L~->- (-2,3,0) SJaJjJl Jjlp f{x,y,z) = x 2 y + xye y - xye z (2 
:0l wi*->« (0,1,1) ikSJl -Up /(x.y.z) =tan xyz + sin xy - cos xz (3 



= — — ? ^ _7 _/* 



:UUJI ^UJI ^ p SiaiJl .up ^ulJJ 



/(x, y, z) = e x cos yz + e v sin xz + e z sin xz 



PP',P' ' -U 



7T + 2 

2 



1 



p(i,o 5 ^) at ^ 



f(x, y, z) = Zn (a: 2 + y 2 ) + 2n 



x 



2y 



.5 = «/,l/(-4 J -l,2) J p(2,l,0) d\ 



• /(«) J/, z) = zHan 1 (x + y) 



, a 



(6,0,1), p(0,0,4) b\ £~ 
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jHHHHi 



J* tSj^J ^}\ j iy> n+l jUii^U iLU /(x) XJUJI cJIS" IS} 

US ^ x = o dy~ f(x) XJUJl Op ta 



/(x) = /(a) + (x 



«)/» + 1 (* - a)V"(a) + ... + 1 (x - a)7 (n) (a) + /?„ 



LS ^ il„ ^Ul old- 



1 



(n + l) 



t 



(x-o) n+1 /( n+1 )(e 




^ XJUU j^L" iji; ^ ^ 



-,.V:..,-..> 



n - r _ - - ii]'-. ' t r Vj - 1 Jp-i'il - i _ 1 L l r 1 ■ _ 






m 




'■ij r P jL B,' J r, 

■ r j " _ 1 i , 1 r, 1 1 ■ 1 1 i 1 





m 




i 




l 1 i r;* 



r h r." # r 



* r " 



■ j fci" 



r j - ' ^" . 




r -^_^ _ l'T|. - 1 lj_ I _ L J 1 ™ ■ - 



•it* 



h 1 J J ' I I I ' 



V "Jih - "tf - i ? ^ V-^V- ^- 



" L ->i 




■ . J - -V 



: 1 ^n,- 
^ - * - 



r " L ™ t n " 

L 1 L T | ™ n - p 



■ . H # 



■ ^ ■ i 



^"' n r_ r _ r r "*^ T -r_ "r -V_" 1 . -^^r/'r.''- 





103 J>>A N 



: jl LS <f>{t) aJI-UI ciyJ 



0(t) = f(u, v) 



,v = y -\-rjt j u = x + At J 1 



w or 




: Ju US 4>"(0) a 1*4 oS^j 

*"(0)=(A| + «|)(Ag + «g] (1 



:5JbJi Sjj^JI Js- ol (1) 



4^ IP Qjj) a : 



^) (0)= ( A | +u |y /(x , y) ( 2 

.(15) J£JJ! >l i(s,jOj (a, 6) Cf ^ ^ 




(a,b) 



.... 



A aW A A^A .'. .■ 



■. ■. ■. 1 ■. 



■ a'/a'/AA .'..'.v.'.-.'.-.Sr^ ■ ■ ■ ■' ......................... .........j.......-.'. L - ■ vaj-a^' 



■ ■V- ■■ A 



X 



. -i 




■V*ll|ll|lll|||||||^l 



iViViViViViVAViVi- 



d = W(x - a) 2 + (y — 6) 2 q] ^yu 



J U5 ^ J^l Z*Z J^> 0(f) JJIjJI iJ^j 



^(f) = ^(o) + 0'(o)t +^(/>"(o)t 2 + ... + 0("){o)r + Rn 

<p(d) = f(a + \d,b + fMl) 0T iJi^^U £. £j| . . .0'(O),0(O) ^ ^ydlLj 



/(a + Ad, 6 + /id) = /(a, &) + d(A^ + //|-) f(a, b) 




I d2 (4 + ^) 2 ^ 6 ) + ^ 3 ( A | + «|) 3 ^ fe ) + --- <3) 



/(x,j/) aJLJI ilSJ^ J± J^>J (3) J ft. j A ^ ^.j.cJbj 



/(x, y) = /(a, »> + | X A + u |) /(a, 6) + i (* £ 4- 4 »)" /(„, t) 



+ 



1 



3! 



CRT 



/(a, b) + ... 
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.* ft 



S^jLiwa Ijj^olj jiSi j) Cj\ j^jCa ij^VJ ^ aJIjJLS jjJLJ ij^iaj jt^tfcju fj^Mj 

.tSjUU dJS *i/5j UU 





i^jjJ! ajJL>- ^Ji (0,1) ikiJl J jj>- e x arctan y UljJJ jjJlJ JL>-jI 




2 



/(x, y) = /(o, i) + { a| + m|) /(o, i) + 1 (a! + ^ ) m i) + ft 



/(0, 1) + A/ x (0, 1) + uf v (0, l) + ± (x 2 f xx 



(0,1) 



+2Xfif xy (0, 1) + A 2 / w (0, 1)) + R 2 



(l) 



A = x-0 jl 



/**(0,l)==/r(0,l) = | , /(0,1) =f 
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:jl U J* J^J (1) ibUJI J ^.^dlj 

7T 7T 1_ X/7T X 1 \ 1 ^ 

e 1 arctan t/ = - + -x + -(y- 1) + - f -x 2 + 2x(y - 1)^-J --(y-1) 2 



-tSjUU ^ (^Ul) .UJ ij^ 




'r'.!."..^ '..J-l.^ 1 ..!^. i.i. 1 \.J 1 "aW^"^ 1 ,, .^ J .W.o. , .^ J .o. ,, .o. , '.'.'.JL'.'.'.'.-P.^.JL'.'.rjL'.-p.'.'.'.'.-p.jL'.-p.'.'.'.T-'.'^L^ ^OJ/.■!oJJJ/t^^^^^ J ^^^^^l^^^_ l ioJJJ.^_^^^ l _^.OJJJ.^_^^^^ l i^_^^^^^^^^^^^_^^^^^^_^^^^o.OJJJJJJJJ. | .^ 



Ojlij ^ itJliJl i^jjJl ajJ^ Ji Skii Jo- sin (x + y) (1 

*te = x + 2/ D! d*f>« sin u aJIjUJ <jjjjKL il^SCi^ *iJbl»-i 

. iJWl V j Jd I 3jO>» ^1 (1,1) ikiJl J j>- e x arctan y (2 

■ iJliJl ^jJ^ J\ J-^Vl AkflJ e x+ ^ (4 

iJLP (a, b, c, d) ikiJl Jp- f{x y y,u,v) SJlaU jjlJ iJ^L* ^1 (5 

. oWl iJ^i oli aJj^JI oUzJLjl 3jJb- 
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-w_- -. .-. . am s-. ■■- ■: VM-T 



-VA- \ .■ W^— " 













.-. :- .:■ . — . ja- i-- - -- 



Jk£j| Juu> S J LS »&* /(x,y) illJdJ u_^i .D JlkJl ^ iUi-j ^ 

01* lil i^-^J <^HJ f(%>y) < f(xo,Vo) OLS" lil (x 0 ,y 0 ) 






I ^ JS Uaip ^1 (x,y) J*UJ!j 

Olp fS i^J Ji'j ij-^J ^yJip i*JS J5 jl (5! if JJioU 5>»j*Jl 

fry f y j fx Ol^Uil eJl£ lit / illJdl 4^>Ji <k&JI 









3 ! 













. : ; L J : ^ 




■r s 











3 



.-. .- -v.-:--.-. ■■ ■■- ■■■■■ ■: ■■■■ 









^ :■:■: xoiw 



■l .-.--■:-Z: .■: - - - 



.i m .:: j-l-. .-. ■■■■■ ■■■ 
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■l .-."i :-r j-:-.-v:-j-:-i _ - -:-r j-l :-.-r.-.-i _ u-i .-. .-. Jw.-:-iv.-. x .■: j-l-.-.-l _■. iV.-.-.-.-.-.-. : _ : .'.-.-. .■ 










*'*r* -111 




5 



-7.' -.: 



s 





\ 



:■■ - ■■■■■ ■■ 






/x(ao,lfo) = jim 



/(a;o + Aar,ito)"/(a^,lft)) 



Ax 



■■ iiijbh i 



. jUU a^jj dUij /(x 0 + Ax, y 0 ) - f(%a, Vo) < 0 : ^^Jl <yj 

/(;r 0 f Aj:,to) /(-A,.?/,,) . ... ... , t M ... ,, 



Ax 

/(x 0 + Ax,y Q ) -f(xo,yo) 

Ax 



> 0 oU Ax < 0 cJl* IS! ijfcJl iJUJ! 



.(?liU) f x (x 0 ,y 0 )=0 :0U a*j>-y> f x (x 0 ,y 0 ) 0T Ljj 

* - 

.UUJ i^LL* ii^k, / y (x 03 W))=0 61 ^Cjj 
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■1=:- 



1> ' 



I 1 * 



-= s 



"" : -=r: 



f 



7 J 




■■■ ■.■—■.".■.■."i ^— ^Jww. .". .".■.■.■.■7.". 



£ - 





= /(a, 6) + 



1 



2! 



yl(x - a) + 2B(x - a)(y — h) + C(y — b) 



2 



+ 




i?2 



1 



3! 



3 




4* 



==■ - 



1^ 



:■: .-. ■■■■■■■■■ ■■■ ■■ 



\ ■. ■ 



y — b x — a 

u — t X — 4 t 

r 




(x - a) 2 + {y- bY 01 ^yu 



2 



2 



1 dUlj 
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1 



f(x, y) - f(a, b) = ^r 2 (AX l + 2BXp + Cp z + rp) 



2 



(1) 



P 



1 

3 



\d d 



t3 



CyJMJl Ur^ jT UL (/(*,<,)- /(a, &)) jlJuUi AjL. dUJuj 



(AX 2 + 2BXp, + Cp 2 ) 



rp jlJLiJl JL*a| 0^*i l-^r o jjiw r jLxs^bj 



jIaU! £jL, ^jJu O^lj 



5(A) = A A 2 + 2R\// + Cp? 



(2) 




J 



A j\JlJ\ Sjlil ^ AJUJ g(X) 3JUJJ ^iJl dJUXj 



g(X) <J\JLU Lj-J ^ S^y *i\ g\ iA>0 cJU lil JjVl iJUJl 



A 



~A 



01 k-^aJl ,y ^-Jj 



5 



A 



p l (AC - B) 

A 



2 



(3) 



dUUj fl (A) 5JlJdJ ^ywJ! i^SJl Ola , AC - B 2 > 0 jUUUI Otf lilj 



■ 0(A) > 0 



:0l ^r-t J (1) JUiUJl j»j 



f(x, y) - /(a, 6) > 0 



Ill 



lUL* ^yJip 1>J 1$} bj£i 5 (A) iJUJl DU A<0 oJlS" ISIj 



: dUJuj 0(A) < 0 ol c5 



f(x,y)-f(a,b)<0 



II* 



J 



UL^lj LJU jj^J (3) oLi UL - B 2 ) jUJLjl j\S lilj 

. (o, fc) ikiJl L_jy JSCi iilaJJ j Z~>-ja J, j>- 



\ 



2 






7 



/(a;, y) = x 2 + 3x - 6xy + y 3 + 6y - 7 




£^ ci>-^Jl ^1 Jl^>'j ^Jc^aJlj ^Ji^Jl t5jh^iJl jv^aJI 



2x - 6y + 3 = 0 



(1) 



J/ 



3y 



2 



6x + 6 = 0 



(2) 
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^ a+iy^^tJ ix = 3y 



3 



2 





y 2 - 6y + 5 = 0 



(13.5, 5) j (1.5, 1) 



/i 



% j / 



6 



/. 



3 J£X 



2 



(1.5, 1) ikiJI 



6 J JB = /ajy 



fttWttttttttti 



6 , A 



2 



AC - B 2 = 12 




<0 



iJaU ^* (1.5,1) SJaiJl Oi <>« wlJLil! *J>Ji o*** 5 * ^ 

. (saddle point) 



: (13.5,5) 5k£Ji Jcpj 



C = 30 j 



6 , A = 2 



/l > 0 j! U. j AC 2 - B 2 = 60 - 36 > 0 j 



* * t 



/(13.5.5) = 34.25 



/(x, y) = sin ar + sin y 



/ x = COS X = 0 (1) 



f y = cosy = 0 (2) 



* 7T 




2 

t 7T 





fyy = V J fxy^G j f xx = -sin x 



c5 JaP 4^3 Jj>-jJj A = c = -1 <L)U jjij*- jj mj n cJ\S iil (2) 

"JTj^ 0>»y -uli Sfrjj mj ioy n cJLS ISI (3) 

• tS&e 4^J 0>-jI «uU n = ra = 0 cJl5 lil (4) 



a; + j/ + z = 48 (1) 
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f(x,y,z) ^=xy z (2) 
/O, y) = x y(48 - 




f x = y(48-x-y)+xy(-l) = 0 



J 



I 



48y — 2xy — y 2 = 0 (3 ) 



J 



/ y = x(48 — x — y) + xy(™l) = 0 



J 



1 



48a; — 2xy — x z = 0 (4) 
^^Ip J^>J ^w>JLj -y ^3 (4) IbU-Jij x ^ (3) ibU-Jl ^j^uj 



x 2 y + xy 2 = 0 



xy(y — x) = 0 



ci y^^l SJUhJI J^Jj y = x j^walt IJLaj 

:ul o>J (3) ikUJI ^ ^^dLj 



48x - x 2 - 2x 2 = 0 



J 



I 



3x 2 - 48x = 0 
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3x(x - 16) = 0 x = 16 



.U,l iJUJl J^ij 

: jl (3) JjVl &UJI J o^ydlj 



32 + z = 48 




z= 16 



y = Z — 16 I iSlfc J 




3 




e x ^in y 
x 



/(•M/) = 3 



3xi/ — y 3 (2 



f(x, y) 



2 



3xy — y 2 + 




(4 
(6 



/(x, y) = 4x 2 — 2x 2 y + y 2 

/(x, y) = .sin x + .sin y + sin(x + y) 



(i 

(3 
(5 



2 2 

— yz 



(8 



/(x,y) = e x sin 2 y 



(7 



/fold 



x 



2 



6x cos y + 9 



(9 



4x-3y + z = 5 c5ji^Jl Jl (2,1,-1) JkiJl y> SiU. V y! Jb-jl (10 



2x + 3y — z = 4 j 2x + 3y — z = 2 ^ji^Jl j-j iaL^> j*as\ Jb*. jl (11 

~s1 L^^J. J-^Uj 1000 L^Pj^. jdl vrjj! i'^JJl jIjipVi j^j! (12 

** 





6x 2 + 4y 2 + 9z 2 = 144 



U ^5*1 AlLZ y> 9 j-+j>*j> j 8 A-^LXa ^JUl ^Lul iiMJ ^ 4^uJl Jb>- j\ (1 
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j! U ^J! ^1 ^1 J^JLJ JL^t LgJ ^1 i^JUl JJL-JI ^ 

x 2 + 2y 2 + 5z 2 = 10 : jj^SU ^^>^ J>-b 4-- y> I jS Jhi UuaI 
i^UJl =x 2 + y 2 + z 2 iJljUU ^^Ji^Jl U-JLii aUol ^15^ IJuj 

. + 2y 2 + 5z 2 = 10 ^JUJl J* J JLi3 



juJ! (3) JUJI ^ LU US' c^bUl ^j^aiJl ^SJI ill^ Jl^ij 



. aUUwU AAi Ja> ol *JcuJl jwa UUiJi 

.<f)(z,y,z) = 0 



1 



y, z, A) = /(z, y, z) + A^(x, j, z) 



2 



U jSS u>«> OjSsj ^^JlpI ^ ^jii«J! 




I (JjJULsiii! iUjI Jb«-jl 



12 4->tJa-Jl 4i»-L^ ISI ;£L»j 
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V(x, y ) z)=xy z 



(1) 



:SJUI ikUJU Ja^ JjJ^JJ i^kJi 



xy + 2xz + 2y£=12 



(2) 



F(x, y, z) = xyz + A(12 — xy — 2xz - 2yz) 



1 



. Ul SJlslI oV^UJi J>»j if. j>Jl J»LLil ^Umj| - 2 



rfiVAViViVi- 



(3) 



*J \ www i 1 



(4) 



+ A(~2x - 2y) = 0 



(5) 



Fa = 12 - xy - 2xz -2yz = Q 



(6) 



r m -\ ■■■■■ p. .-1 .\\ .-1 ■ 



v ■.■ ...v ■.■ - ■■■■■■■■■ ■-- ■ ■.■.■■■.■■■-r ■.■ v.-.-.-.- ■■■■■■■■■ ■■■ ■■■ .■: -v- ■. r m ■: :■: " ■- ■■■■■■■■■■■ ■■■■■■■■■ ■■■■■■■ ■■■■■ ■■■ ■■ ■■■ ■■■■■■■■■■■■■ v.y.-.-.-.-.-.-.- ■■■ ■.■.■.■.■. : .:::-.- r -.-.- r :::-.- ■.■.■.■.■.:.■.-.■.■.■.>-.■■■■■■■■■ ■■■ 



3*H 



.^^^^^^^^^■.■.■.■.■.■.■.■.■.■.■.■.■.■.■.■_■L■.■.■.■.■.■.■.■.■.■.■.■.■.■.■.■.■.■_■_■.■.■.■.■_■.■.■.■.■:■_■.■.■.■_■:-.■.■.■.■:■_ .-. ■■: -.-.■.v.-.v-r-v.-.v.- 



iJiUJl i J\jd\ JLp 2j yj x J (5)j (4)j (3) o^UJl 

: <JbJl ^UJI Jip U>J (4) ^UJ! ^ (5) 



A(2ajz — xy) = 0 



(7) 



:5JbJl ^UJI Jlp J^i>J (3) ibUJl ^ (5) ^UJl 
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X(2yz — xy) = 0 



(8) 



0 

X 



2z Uuj ^i^J (8) y = 2z o\ ^r.: ,; (7) JtbUJl ^ 

z= 1 Of *x>«J (2) ifcUJI <y ^^cJlij 



2=1 t y =2 t x = 2 






f(x^y) = x 2 4- 1/ 2 



Mr 



x 3 + j/ 3 — 6xy = 0 




SJIjJI 



F(x, y, \)=x 2 + y 2 + X(x 3 + y 3 - 6xy) 



F x = 2x + A(3x 2 - 6y) = 0 



F y = 2y + X(3y 2 - 6x) = 0 



F A — x 3 + y' } - G;cy = 0 



-2x -2y 

A = 



x(3y 2 - 6x) = y(3x 2 - 6y) : ol ^1 

** 

x 2 y - xy 2 + 2x 2 - 2J/ 2 = 0 If^j 
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2 - - xy 2 + 2x 2 - 2y 2 = 0 



% y 



Qxy = 0 



(x - y)(2x + 2y + xy) = 0 

: ul o^J x 3 + y 3 - 6xy = 0 ibLJI <y a: = y ^ 

2x 3 - Gy 2 = 0 



J 



x 2 (2x-6) = 0 



12? 



.(?ISU) 2x + 2y + xy = 0 5JUJI J^j 

x = y = 3 j a; = y = 0 JUp aJIjJI ^^uJS iJLSL* J5j 12U ii^j 



jv;-..-w m -^- 







. -.;.:.;.:. r .v;.:.;.:. ri l -.;. : . r .- -.vL n-.i-j.-v^.viv.v.v.vv v vvv v^^v- .v-v-y^-;:.-^ WW- .v.-.:.:; 1 .;-- . ■■: : v: ; : : ; : ; :vv ; : ; : ; : v i n -v v v -i -vvv-; -n -v vrri-v v^rTi -v- n -v r- v r-v: ,-- m-vv W 



2a; + 4y - 6z + 5 = 0 o! 



x + 3y - 2z = 4 j1 



/ (x, y, 2) = 3x 2 + 2y 2 + 4z 



2 



f(x,y,z) = x 2 +y 2 + z 



.2 



,2 



(1 



(2 



/(x, y, 2, t) = 2x 2 + y 2 + ^ + 2t 



2 



(3 



a: 




y + 2-£ = 4 j2x + y- 2 + 4t = 2jar + y+ z + 2t = l 



/(x,y,z) = 2x 2 + y 2 + 2 2 UUJJ i^Jl JpUJI J^rj! 

. x 2 yz = 1 £tiuJl ^ (x, y, z) 



(4 
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9& y) 



sin 



i 



(2 



/(x,y,j2) = Zn(a:-y + jr) 



(1 



sec z 



x-y 



(4 



ffay) = (36 -4x 2 + 9y 2 )' 



(3 



lim 

(x,y)— +(— 2,\/2) 



a; 4 + x 2 y 2 



6y 



4 



2 



2y 



2 



(6 



(8 



2 



lim . ^ = 
(x,y)-(o,o) ^/a; 2 + y 2 



(5 



2x 2 + 4x|/ — Ox 3 ^ /m 
lim r (7 

►(-1,1.2) *' ^ 



X y 2 



lim x sin - + y sin — 

(a;,y)-+(0,0) 2/ X 



(10 



lim 



xy 



■ 1 1 1 1 1 1 ■ 1 1 1 1 1 1 ■ 1 1 1 



WV*m wm i | lll|ii|i|llillllllll M IIIK- 



(*»y)-+(0,0) x 2 + y 2 



(9 



9 9 

X^ ~ y* 1 

lini — 

(x,y)-(o,o) 1 + x 2 + y 2 



(12 



(1 + y 2 )sin x 



lim 

(x,yH(0,0) 



X 



(11 



/(*, 




cos z 4 
x y 2 




y) = 


cos[(xyf] 


/i(x, 


y,t) 


= x In (— 

\x 




(14 



(16 



(18 



y) 



x 2 + 2y 2 



(13 



2 

gix.y.z) = e x fri(y 2 - 32) 



(15 



h(x,y) = (cos xy) 



2 



(17 



F(u , u>) = ?; 2 cos u> + u; 2 cos v (1 9 



:<jl£ b! — j — Jb>- jl (2 



dy 



z — y sin xy (^j 



z 



dx 

y 



x 2 4- y 



2 



(! 
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/(x, y) = arcsin(x 2 — y 2 ) (22 f(x 1 y) = 4x 3 — 3y 2 (2 1 



du 



ittttttttmtoMm 




f(x,y,z) = x 2 e?-* (23 
V 2 « = 0 j! ^ u = (x 2 + y 2 + z 2 )-* olS" lil (24 

ty = y 3 £an _1 x 2 + 2x — y 6 IS' lit c?w J^jl (25 



: ^li ^jJilwi OOs* 1 * y J a: d\S \s\ u = xy z q\ ^yu (26 



du fdz 



x yi — \ + y z 



dx \dx 



; d)I z = \/x 2 +■ y 2 015 IS| (27 




z\ /<9 2 z\ / d 2 z x 2 



■■ ■■V'V'V'V'V'V'V'V'V'V'V'V'V'V'V'V - E I t*t*t*tWt*t*t*t*t*t*t*t*t*t*t*t I ^^y' ^ I .|i|i|i|i|i|i|i|i|i|i|i|i|i|i|i|i|i|i|i|i|i|i|ifrYWh 

dx 2 / \% / w x % 



1SI ^ j ^ (28 

# = sin xy — t^cos x 

1 ? , » 

y = - j x — u £ o\ vl 

:ol ^ z = /(x 2 +y 2 ) 015 !SI (29 



i 



z = - , y = t 3 , x = 2t , w = ^/x 2 + fz 4 d\S lil ^ Jbrjl (30 

fj | ^1 .pUdl f ^U (s y z + ^=z 3 ) ai* IS! (31 

~&y J dx x2 y+ zcos y~ X2 ? = Q 3^ z = f( x >y) (32 
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:ul j-J w = eos(x + y) + sin(x - y) Bl (33 

dx 2 dy 2 

:q] ^ w = 5cos(3x + 3ct)-7sinh(4x-Act) j bU c eJlS" 131 (34 

d 2 w 9 <9 2 ?/; 

— (f 

dt 2 dx 2 

jJcS\ .>UoV Aw; .u/ = :r 2 + 3xy-?/ 3 0L5 131 dwj Aw JL^jf (35 

(x,y) ik&Jl o^JJ 131 ^ ^^idl wll ^UjV ^Jbki^lj k.,,^! b 

,(-1.1,1.9) Jl (-1,2) ^ 

.(38-36) ^ JsUJI *U*# iLLJi sjipU ^oi^l 

v = 4x — y j u = 2x + Zy j s = uv + vw — uw cJ L5* 131 (36 

JL>-jU w = —x + 2y j 



vtottHMm* ■ i,i,i, w ,i,i,i,i,i,i,i,i,i,i,i,i,i,i,i,i,i,i, . 




x = u 2 v ol d^ : ->- — , — X-^jLi z = sin xy - j^ton x CwJL5 ISI (37 

V 

:d)l , — J^rjU w = x 3 ~\~y cos yz cJlS* 131 (38 

2 = u 2 — ?/ 2 , y = u v , x = + 

4* 

a = -j=(-i + j) ; P = (-l,l) < /(^) = 4 _ x 2 + 3y2 (39 

a = -3i-j'-2fc i P=^7r, ' f(x,y,z) = csc(yz + x) (40 

a = -3t-4; c P = (2,-2) t /(x , = 3x 2 - y 2 + 5xy (41 



?(2,-2) 0^ / JUUJU obj Ja^ y> U 

Ji US' 43>^ (j-, J,. Z) AkJC$\ JCP Sjl^l Of ^> (42 

7'(x. j/. z) = 3x 2 + 2y 2 - Az 



ikiJi ^ fl uryi j (-1,-3,2) ikui t iimi ^jdi jj^ 

ikaJi jup r ^ Jjl^« yt u (-4,1,-2) ikaJi s^ui 

f(-l,-3,2) 

:^kJi juUcJI (r ,J.; Jlj ^UJI ^ I ikU. Jb^j! (43 

(-2,-1,3) iiaiJl JLp z = 4x 2 -2|/ 2 



X 2 1? 

£L_I — o 

a 2 b 2 c 2 



; jt-^>«-ftiJ jj-mUwJI] (^jiw^Jl il>U-a o! 

*» 3/2 z 2 . 

■ 1,1,1,1,1,1,1,1,1,1.1,1,1,1,1,1,1,1,1,1, ^ wtmm tttmtmmt M mtaJi ■ ■ I 

a 2 b 2 c 2 

3/2/0 , ^ , , „. ... t . 



z = 4x + y 2 — 4 j z = x 2 + \%f 



.(2,0,4) JkiJI Jc* <u»* ^UJ! ^ji^Jl 



:3 + v£ = 0 b\ ^ z=f(?—l\ CJI5 lil (47 



cte 'SJ/ ^ "V y 



:Ji US «y« / oJlS- lil (48 



2 2 
X — Jf 



= < * + y 



*V _ 2 , ..2 5 (z,y) ^(0,0) 



0 ; (x,y) = (0,0) 



/*v(0,0) j /vx(0,0) O^-jU 
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f(r, 0) 



IfrUtL- J\ f(x,y) iJlJ! JL^j! (49 
df = (^ + e y ^j dx + (lnx + 2y + x e y )dy 
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j = 1,2,... ,m j i = ],2....,n jl 




CJ 




I n m Jl>- y Ail fj\ 



j^Ji jjo; (2) 



f ^Jl jli c% ^ UOJ (x*,y*) c^LS" lil 




1 



V5,-«/(xJ,yJ) Ax Ay 



(*) 



. SI ,j JJai^Jl i>-l — » Ji<J A.4 = AxAy <j! 

: JiS3l ^1 > 3^1 fJ ^>Jl (3) 



V = Vn + V n + ... + V lm + Vn + V 22 + ... + V 2m + ... + V,,i + V„, + ... + V, 



nm 



0 



v 





n 



:j! Jb>i (Ax, Ay) -> (0,0) Ujop (4) 



7i m 



v 



lim V V /(^'^) AA 



132 



r ' * . 



7^ 



1 ■ j 1 j 1 r ■■ 



1 __ 1 



I j. 1 ■ a 1 i, " ■ L r r - j 1 i , 



* h r Ht I . J H * T r 



■ ' ■ r "-r 



mm, 



1 H . . 1 h 





■ O 










^ ; ■ * pi"* . 



" h r. r H 



r 



.It' 



■ "i ■ 



-._>-r 





! 





■ h : h - " r^H . 



, ' I i 1 1 L 



r 1 1 ■ i hi i . i , Ui ^ 



■A . 1 1 . h i 



r ^ i - h ■ 



■h," 'lu. 1 '!,;' 



- ■ ' I I -_ ■ ll. 



■v. 




i _' 1 i i /- - ,n r -'"I r 
_ _ L j J "n_ "C _ ■ 



1 ' . _ h 



1 H i ^ 1 



I 



h h ^ 




^v;-it**rf^^^.;/^^ if ■ -7fc; V'/ j/ ; 7. j^rff 7//,7::^; 



^ .. -h 



> "v: ■ ■ s j 7 h r 



Hi 'I 



r -J^' 
J ■■ - 1 

1 HlJ 



-j j a _ 



- r T r ™ " 

11 



. ' H i 




1 JLlfl 



n = {(z, y) : 1 < x < 2,3 < y < 5} 



^1) ojUuJ! JJ^JI (j* n J[ [3,5]j [1,2] ^ jj>1\ ^ ^^JJ 



(n = m 0 



1 3= xq < xi < ... x n = 2 



3 — t/o ^ J/l ^ ••• ^ |/n — 5 



J 



. d- c 2 A 6 — a 1 lltv 

Ay = = — j Ax = — r— = - &JJS 

n n on 



Vi = 3 + ^ j Zi = 1+r 



n 



n 



: «jl ^ Ay j Ax j yj j Xi y> o^iy^kj 



* 4 



01 



1+ I) +2 ( 3 + # 



1 



n 



n 



i 4? 
7 + ~ + — 
n n 



n n 



V =T, E 



14 2z 8j 
1 \-^L 

n 2 n 3 n 3 



n 



^ /14 



n n 



EE 



n 



2 



+ 



EE 



/2i 



n n 



+ E E 



i=i j=i \ 



U 3 



2 



n 



** 



iiUI isbsJI o!A-JL~iJl i>**4 



n n 





14 14 



n n 



ViViViViVi^rfhWH' " 



— X J— JL 



n 2 n 2 





I^wwl ***** 1 

~1 J — 'X 



14 



ViVi'iViViViViViViVAViV - 



n 



2 



(n)(n) = 14 



IL JL 2t 2 <A 2 



E E Z3=ziz^ 2^ * = "3( 1 + 2 + 3 + - + n )( n ) 

n(n + l)\ ___n + l 
2 7 n 





« JL n + 1 4(n + l) 



134 



n n 



V= lim E E AA 



f J™ E E /(*;.»;) 



lim 

n~*oo 



n 



71 



19 



JL LS ^LDl J,l£j| u^lj 









J*UJ 



J 




I 5 




\j z= f(x,y) cJlS" ISI 



Q = i (x y) ; a < a: < 6, c < w < d} 



n n 





'J S^r 1 lim E ^ f(x'i,y*) A A cJlS 



>. U5 ft > / 5JIJUL3 JUU! J,l£j| jU t (.r ; . ?y ; ) 



................................................_ r ........_ r . L ....... ..; .;. _.. ..... _ ... 



■1 . 












3 




".■7... J'L. X"l ."I". .■I.......«.I.I.L"."..............«.L............ i ■. — 




> > ^LUI ^ 




.j^iscjj a, is ^ a^uJi jijjdi LgJip o^sj jtu-Ji ^ 




SJLli il^uJi JI>Ul l*JL* U^SJ ^1 JJ»LlJI Jj> 

* ** 




Of 




IS" tx € [a, 6] j£J 51 (x) < //•_>(.!•) 



T 




n AikuJ! 0t» 'M] S ^iJi 92.J 91 ^-JIaJI 

.(3) JSCUI >]l 



2/ 



y = 92(2) 



:^: : .:.....-:.:..... r .■_ .. L .. : . : ......... : . . r -.:.:-. r ._ r .-.-.-.-.-.-.-.-.-.-.-.-: v.-:-.-::-.-.-".-. .......... : .._ r ............... ... .-. :■: 



a 



3 I l^r^^i-i^-i 



v = 9i (a) 



6 x 



136 



[c,d\ 



^ u> Cr^ 



n 




h 2J h OLJIjJI oJLS - ISI (2) 
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x 



* + V t + 2? = ltjS\ 
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dy 






d(u y v, w) 


du 


dv 


dw 
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4 — 2 

ooo 



1 4-a-x 2 A-x 2 -y 

4 

dx dy dx = 
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(24 



= {(x,y,z) : 4/ + g« 2 < 36,0 < 5x - y + 27 < 10} 



(25 



fl = {(a;,y,z):|*|<l - l x + *y\ , \x-y + z\<2} 



2n tt/& sec<f> 

J J j (p co$4>)p 2 sin<t> dp d<j> dB (27 
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F(x, y, z) = e x cosyi + e x sin y j + zk 
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% 


4 


k 


d 


a 


d 


dx 
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:u1 



F(x, y) = 2xy zi + x 2 zj+ {x 2 y + l)k 
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. , . dg(z) _ t t 



g{z) =z + c 



f{x,y,z) = x 2 y z + z + c 




F(.r. •,/, z) = 3xyz 2 i + t/ 2 sinzj + se 2z fc ( 1 

F(x, i/, z) = s 3 Lnzi + xe^j - (y 2 + 2z)k (2 

Vx(F + G) = yxF + yxG (3 

curl grad f = 0 (4 

din (curl F) = 0 (5 
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curl(grad f + curl F) = curl curl F (6 
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F{x, y) = e y i + {xe y + y)j O 

F{x, y) = y 2 e xy i + (1 + xy)e xy j (8 

F{x, y) = {sin x y)i + {cos x y)j (9 

F{x, y) = (3x V + 3y)i + {2x 3 y + 3x)j ( 1 0 

F{x, y, z) = {y 2 + x 2 )i + {z 2 + y 2 )j + (* 2 + z 2 )k ( 1 1 

F(x, y,z)=y zt x H + x ze xy j + {e xy + cos z)k (12 
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2 




cos 2 x) 2 d cosx 




(1 — cos 2 x)cos z x d 



2 



0 



0 
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(1 - 2cos 2 x + cos 4 x)d cosx 



o 



( 



eos 2 x 



2cos A x + cos®x)dcosx 



o 



cosx 



2 1 
~cos z x + -cos 6 x 

3 5 



2 



0 



1 Q 2 r 1 7 

- cos z x - - cos b x + -cos'x 



1 
2 



3 



3 



7 



0 



2 1\ /l 2 1 
1 -3 + 5) + U"5 + 7 



1 1 1 64 

"I J : 

1 3 5 7 105 






1 




(2x 2 + 3y 



2 



xy)ds 



c 



nt* 



MWMViViViV 



3eo$t 



y 



Zsint 



4 



(2x 2 + 3y 



2 



xy)ds 




(18co5 2 t 4- 275W 2 t - 9smt cost) y/VsinH + 9cos 2 tdt 



o 



4 




27 / (2cos 2 t + SsinH - 5in< cost) dt 



o 



IT 



4 




27 / (2 + sinH - sint cost)dt 



o 



s 



a 



27 / (- ~-cos2t)dt -27 I sint d sint 
J 2 2 J 




(x + Ay)dx + (x' 



y 3 W 



(1,0) ikiJl Jl (0,0) *kiJl ci 



c 




5 . .4 JSLUU y> LS" (1,1) 5i»iJl Jl (1,0) ikiJl ^ <"> 




. dy = 0 IIaj y = Qj x 



x 




y [(x + iy)dx + (x 3 - y 3 )dy) = J xdx = ^ 
c 0 

y = yj dx = I) iy^i \^*J x = 1 OjX> c 2 
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[(x + 4y)dx + (x 



3 



y 3 )dy. 




(l - y 3 )dy 



o 



1 . 



1 



0 



c 




, i •u , 1 1 3 5 

(x + 4y)dx + {a? - y A )dy\ =-+-=- 



3 



4 



IK* 







.(5) JS^Jb 




[(x + Ay)dx + (x 



3 



c 




0 



5xdx = ~ x 2 



i 



2.5 





._.................... : ............_ L ■ ■■ - 



6x 2 ydx + xydy (1 




.(1,2) Jl (-1,0) ikiJl ^ y = x 3 + 1 ikUJI c Of ^ 



J xj/dx + x 2 y^dy (2 

c 



9- 

.(1, l) J\ (-1,-1) a* s = y 3 *3aU-J» c jl 
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x 2 + ^)dx + 2xdy 



c 



(-2,8) J\ (1,8) aLUI ^ c SJtJl oL^iJl J£J 



-(-2,8) Jl (1,8) (1,8) J\ (1,2) Skill ^ ( 

.(-2,8) J\ (1,2) SkiJl y> ^Jc^ ( v 
.(-2,8) Jl (1,2) Skfcll ^ y - 2x 2 




(xy + z)ds 



e 



y = asint < £ < 2it 
z = bt 



y i [(x 2 + y 2 )dx + (x 2 -y 2 )dy] 



:c ^^iJi of 



a: — 2 
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| (0,0) ^ y = - 2 



1J2 



L* 3 




.(2,2) 



(7 




y + z)dx + (y + z - x)dy + (z + x - y)dz] 



C 




(2,3,1) j (2, 3, 2), (2, -1,2), (1,-1, 2) 



(8 



f ydx + xdy 

J y^ftfT^ 

c 



x = cost 1 



sint J 



7T < t < 7T 



(9 



(X / < 1 vl«»- x=-e ll ,y = e %x = e 

jhhhhhW ■ ■■■■■■■ : 



t 



J^Jl J*l&Jt w Jurj! (10 




xy 2: ds 



c 



.(1,2,3) J! (0,0,0) SkfcJl a* 




267 J^^v^^ 



y (x + y + z)dx + (x — 2y + 3z)dy + (2x + y — z)dz 



&3,4)^ Jl (0,0,0) ikaJl ^ SjNI oU^iJl JS3 
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■.■ ■- -■■ ■■■■ -■■ ■ 








. _ _ _■. 



■. ■■■■■■ - ■- ■ ■■■ — 











1 



J 



3 



UlScJt 01 J^i <2)j CD > ^ j-** ^ u ^ 




■ T '^ T '.'.'.'.'.'.".'.' ' ■^■awawauah. 






J r >- jViV-\ : riYi v 



■ r:- ■ 



Vr 




^^^^^^ 




X 



■s / 



3 



-: : 



I- 







=:-:;: 





■.-.■.■.■.■.■.■.■.■.-1 x"-™w-->^-^^ 



jl .::. r -. : .-.-.:--.-.-.-j:j-.- 



- ->:■■■■■-=' 
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t Q < t < ti 



F(t) = f[x(t),y(t)} oi ^ 




i^) = f x x{t) + /,y(t) 




d/ = Pdrr + Qdy 



J 



F(t) = P[x{t), y(t)]x{t) + Q[x{t), y{t)]y(t) 




j t jJculi i^JU ^jkJt 





F(t x ) - F(t 0 ) = J Pdx + Qdy 



c 



F(t 0 ) = f[x(t 0 ),y(t Q )) j F(h) = /(x(t, ),?(/•,) 




yy YOViViVivrrrrovrrrri oviViVr^Vivr.ViVivr.ViViV.ViViV.vrrr^ JtYiYiYiYiYiYiYiYiYiY.YiY^^ -fffff,vfff^fffi -rrriv. .■ovrr^vrrriv^vri ViYiY.y^YiYi'.v.YmY.ViYiY^YiY. l \rtvy^Yft rr. rrr^ ri r vriv. .y/ ji r.u-, r yAiVT^ n *y, n ■>iVh -j "pY | 1 rr. i f,-i il-.-ji - .-, r. r. ■ >-i ■ p ■ r, r, , ;-,-,nV,-,-, ,v,v,n i -v,-, m,-, rT ytti r yiYiYmYmY YiVivrrrrrrrriV ■y'iYiYiYiYiYiYiYiYiYiYiYmYmYyy mmmmV-jmnV yt yt -y*- i-iVi - i rriYnY^riY-rrw* "i i r 



■J. - \- • 



3^ 



■3 



k % 



» S 5 i-:- - .-.-r \* -.t- - ? h ¥ .£ ■■j/Awv. /f 

; £ £ < S - / £ £ 3 j ^ 



ft ^ 



3f 



T 



.1 <fi 



-^5 



J^LcJl i3^Jj iJLLJl L^JJ i^LL. i,>Jl oJu jU^ 
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mm 







(e x cos y da; - e^sin y dy) 

.(o,i) Jl (i,o) ikaJi cs u*s ^ c d] 





dP 



.x 



e stn y 



dx 




T Jl fch Uj J ^ii iiiiiiiii— J^^t^fa jf^^n ■ LL' 



y = 0j x = x:ci 



o 




cosydy) 




0 



e 



a 



1 



1 



1/ 



1/ j 1 = 0 :c 2 ^j^ 1 ^ 




1 




(e x cosydx — e x sinydy) 




sinydy = cosy 



c 2 



0 



1 



cos(l) — 1 



0 




(e x cosydx — e x sinydy) = 1 — e + cos(l) — 1 



e + cos(l) 




c 



y 



2 



■■■ViVi^V-'-ViViViViViVi'-^-'-ViViViViViViViViViViViViViViViViViViViViViViViViViViViViViViViViVi 1 ^ J J 1 F -mWiVHAW 




(x 2 + y 2 ) 2 



J^AM ^ ^ (-3,4) Jl (4,3) ^ cil c ol ^ 




0P y(2x 



2 



■.hWiYrl-IitZ- 



dy 



dx 



(x^ + 



X 



x, y = 3:C] ^ 



3 



9 
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3sec 2 u du j+J*. i^J * = 3ian u 



o\ o^y^ **** 



9 



(x 2 + 9) 



3 



f set?u 
se(?u 



du 



J cosudu 



sin [tan 




4 



sin {tan K" 1 )) 



sin ( tan 



l 



4 



3 



1 4 



..ri^lil^. H iiHHMI' 1 mil 



y/2 5 



■ y = y j x 



3 :c 2 




1 >J 



4 



3y 



J + 



3 



3(^ + 9) 



2 



4 



3 



3 



1 



1 





5 3^2 



3 _1 

4+^ 




y 2 



c 



(x 2 + y 2 ) 1 



1 



dx 



xy 



(x 2 + y 2 f 



dy 



4 3 1 

— : j 

V2 5 5 s/2 



7 



5 
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xy — sin xy) + cosx]dx + [xe xy (cos xy — sin xy) + sin y]dy 

•(3,-2) J\ (0,0) ikSJl & ^ c d\ 




.'^xxi'.'.'.'.'.'.'.'.'.'i'.'.'.'.'.'.'.'.'jV.'.'.'.'.'.'.'.'^.'.'^.' '.'.!.'...'. .J.'jhV.' ^VM, 




:0t Ji^^U JaiJi *u,y 



2/ == 0 j x = a: tl)l 




\W > 



JjAi Ja^Ji J^lScdl oi» dU 




3 




x dx = sin3 



o 




t 



1 1 rft mVh^ri^yiVl^770™7V , - | Vi TWiV 



2 



y = j/j x = 3 



■■J U U LV.'J I 

1 1 1 1 1 1 1 1 1 inn 




[3e 3y (cos3y - sinZy) + siny] A/ 



o 



e~ 6 cos6 - cos2 ^ J^l5c3l w jl jl ^jUU 




sm3 — cos 2 -f e 6 cos6 
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F(x, y, z) = tfcosxi + (2ysinx + e 2z )j + 2ye 2 *k 01* H 




F.dr 



C 



(1-3,2) Jl (0,1,|) ^ ^ ^ ^ C d] ^ ^ ^ 



0l d 



Hi* 



V/(x,y, z) = F(x, y, z) 





Jx 



y 2 cosx 



V 



2ysinx + e 



22 



2ye 



2z 



/(x, y, z) = t^sinx + g(y, 



y 



:y ^jcuii :L~Jt /(^- ^) ^ 

2ysinx + g y (y, z) 



/„ = 2ysinx + 



.22 



g(y, z) = 2/ g2z + K z ) 
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. Ja2S z J iJb fc o 



/(x, y, z) = y 2 $mx + ye 22 + 




2ye 2x + k(z) = 2ye 



2z 



F.dr = y^sinx + ye 



2z 



c 



(1,3,2) 



(0.1,1) 



4* ** 






(yze xyz cos x — e xyz sin x + yeas xy + arsin xz)ete 



c 



+(xze xyz cos x + xcos xy)dy + (xye xyz cos x + xsin xz)dz) 

(-1,-2,-3) tfrfJl J! (0,0,0) ikfcll ^ ^ c u 




Jlp Ja^Jl J-lScJl i*J Jbry cjUJ! Jfc— JaiJl J*l£Jl b\ U 



1 



.OA jUJl Jlp (9) JS^JL 

Jl Jj^ Ja^Jl \Kaj y = z = Q j 



J 




sinxdx = cosx 



o 



i 



cos(l) — 1 



0 



A 
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z 




1,0,0) 




1,-2,-3) 




.^w~**— — ■ 




0 



1 



l 




cosy)dy 



smy 



o 



2 



sm2 (2) 



o 



z = z,y 



2,x 



1 



(2e 22 cos(l) + sinz)dz = e 2z cos(l) 



3 



0 



e"" 6 cos(l)(3) - (cos(l) - 1) 
c W(l) - cos(3) - cos(l) + 1 



(3) 




(0,0,0) ikiJl ^ JaiJI J,\*31 i*J ^ ^ (3>J <2)J (1) C-W 



LmJ 



e 



6 



cos(l) - cos(3) + sin2 



1 Si^lsu 



:0t 




!F 




y 2 e^cos x - c^stn x + y cos x y + * sin x z 
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dF 



x z e xyz cos x + cos x y 



dF 
8z 



x y e zyx cos x + x sin x z 



F(x, y, z) = e xyz cos x — cos x z + sin y 



l^jLJ J^}\ i*J uU 



(-1-2-3 
(0,0,0) 



e xyz cos x — cos x z + sin x y 



(-1-2,-3) 

(0,0,0) 



e 6 cos(3) — cos (3) + sin(2) 




u-J j l'^xj VtV^V j"i ^Vk'.'jjVu:;™^!!-, i mm i^j £>. i TnVivLO.rL 1 1 1 u u rti . . . u . . . .V. . . . . . uj . . v. . . . ut! m . .V. . „Y„Ltf M .W. , / i KOV.VrfV.V. ..„■»■. 1 0VT 11 VnVM- 1 -M: 






? ■ J 

"?r Vu r,-,y i ujY| iYm iV, , l ,Vm ■ rfifffffffi , ■ rfjt r, u r,",^ ■ ■ r tmY, i n'tr 1 1 nr/ir, i"n i"n n"r,Vi n rr,"n i it, nVn i"r, i r^V, 1 1 i'i n i'i r,'i 1 1 r,Vr,"i n i",Vi i r ■, ,'■ n 1 1 n'l i nVi lYr n'i'n" 1 1 1 1 n 1 1 i-Hi'i 1 1 1 i'i i i'i ii'ii'm m"i"i"i n" Vi r !■ 




. F(a: 5 y) = (3a; 2 y + 2)i + (x 3 + 4y 3 )j 



F(x,y) = (Gx l - 2xy 2 )i + (2a^y + 5)j 
. F(x, y) = y^cos xi — 3y 2 sin xj 



. F(x, y, z) = (y sec 2 x — ze x )« + tan x j 



F(x y y ) z) = e z i + 2yj + 2 fc 

. If* i«J JL>-j!j jL~Jl iLiU^a iJUl iJa>Ji 0%>iScJ( i 

^Ji (-1,2) ^ c5 J^J~* tsl c £^_>- ^ (y 2 + 2xy)dx + (x 2 + 2xy)dy 

■ (3, 1) 



c 
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. j (6xy 3 + 2z 2 )dx + 9x 2 y 2 dy + + X ) dz (7 



.(-2,M) JS (1,0,2) ^ ^\ cb\ 

. j(yz+ l)dx + (xz + l)dy + (xy + l)dz 



(8 



C 



.(-1,1,2) J\ (4,0,3) {j* J\ c b\ d~ 

Fr(a;, y) = P(x, y)i + Q(x, y) j 01* H 



(9 



Q{x,y) 



X 



x 1 + y 2 



J 



P{x, y) 



y 



x 2 + y 



2 



Ox 



(10 




[(yze I!/z cosx - e* 1 " sinx + ycos xy + zsin xz)dx 
+{xze x ^cos x + xcos yx)dy + {xy exf^cos x + xsin xz)dz] 

.(-1,-2,-3) J\ (0,0,0) Ml 6 ] cdU 




X 



yjl + x 2 + y 2 



dx + 



y 



^fl + x 2 + y 2 



dy) (11 



(4,1) Jl (-2,-2) & ^ B b\ 




[(to 



2 



3yz + 2xz)dx + (3y 



2 



3x^ + ^)dy (12 



c 



+(3z 2 -3o:y + x 2 + 2yz)dz] 



(3,2,-1) Ji (-1,2,3) ^ o-^ ^ <■ & 
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■^.■.■^_v.v. 



Jup ^Jb ^ glLil JAJJI _^ ^1 >15^JI oULJaJ ^ 




Ja^ JLp) 



Jl* F SjiJl 

















ji ,> 





jjjjjjjJiL 
TTTTTTWft 

F Pi + Qj 




-Hi 



J* Jiy, ^AJI JL^I *j>Jl ^ L F ISja b\» F lyd\ **J 





I ^le F ojiJt (Projection) JslLJ iLLJl i-S^-Jl <^»— 



Fcos<9 



: (work) JiJJl ul» b 




W = \F\cos0.d 
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J 



\f\=d 



W = F.r 



(1) 



\s tl5j t-Ji J v-L-t s ^ jl ^ J 




: Jl US JiJtJl *-itj£ cf-i # ^ > 

a<t<b,y = y{t),x = x(t) 



US a<t<b SjUJl J5>^j 



a = t 0 < ti < ... < tn-1 < t n < 6 

(Subdivision) JJ^\ ^r-^ 1 <> 



Pq, Pi, p2, - Pn-1? 



C 




i-, jkil o^i ft a-^ 1 



Filco^yix^O-^-i)] 2 + Wi) - y(ti-i)] 2 



.(10) JCUI >il 
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F, = Pii + g,; 



(1) ibUJl 



r 







Wi = Pi Axi + Q,A 




n 




W = E -PN*i). y(*i)]Axi + Q[x(t<), y(ti)} A Vi 



: US' ^SOl JJulJ! ^hyj 






(Pdx + QcZy) 



:0t 




U15 



F = P(x, y, z)i + Q(x, y, z)j + R(x, y, z)k 




W J {Pdx + Qdy + Rdz) 

C 




F(x, y) 



yi + xj 
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M^.^c ^ o'\ ^ (3,9) J\ (0.0) ^ a* c o>S* > 




c 




3 




x 2 dx + x(2x)dx 



o 



3 




x 2 dx 



1 



3 



x 



3 



0 



9 



9 



o 






,i ,(2,8) iuji Ji (i.i) ^ o-y 



5 ^/^Jt e> 



J^ji JiJjl J«rjti i ? = (^ 



2 



y 2 ) i + .T-1/.7 Sj^l ^* 





(Pdx + Qdy) 




2 




(x 2 - x 6 + 3x 7 )dx 



1 3 1 7^ 3 J 

-x 3 --x +gZ 



2 



1 



1 



256 3 , _^ ^ »v 
-^- + g(512) 



1 

III ■ ■■■■■ I 

3 7 8 



I_ ^+1^= 157.530 
3 7 8 
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cJl* ISIj (3,9) j (0,0) ^ y = x 2 ^l£Jl ^1 ^ 



c 




.2 



Ji (0,0) & c > F ^ ~UI J^J 



W = J F.dr = j —ydx + xdy 




c c 
3 

2\2 




(x" 2 ) z dx + d(x 2 ) 



0 



3 




x 4 )dx 



2 



■■ ■ Yii .Y^ 



3 



3 



1 




5 



JO 



5 



0 



3 



0 



18 



243 
5 



153 
5 




.r::^:v^>^ J -:-v-k:^:---V 



^* ((x,y) SJaiJl Xp o^I cJtf IS 



F = xyH + x 2 yj 



c F lyi\ Jh j> J^jU 
.(-2,8) J\ (1,2) Ml ^ 




I c C\ 



.(-2,8) Jl (1,2) y^2x" c ( v 

F(jr, y, z) = yi + zj + xk c~j\S lil 



(2,4,8) Jl (0,0,0) ^ z 



i 2 car 
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cJtf 131 (2) ^ y ^ji 



(3 



F{x,y,z) = eH + eyj + e*k 



(4 



> Cf y 



X 



F(x, y) = (x 2 + y 2 ^ + xyi 
3 ^^Jl > F 5^1 a* 2^1 J^ 1 ^ U 

• (2,4,8) Jl (0,0,0) 



.syJI jji* C^" (6,c) 



(5 



a: 2 + y 2 x 2 + y l 



v 




cJlS b! (5) ocr^' a* ^ 



(6 



x 



F 



i + 



(xS+y 2 ) 1 O^ + y 2 ) 1 




-.SjiJl jb C^J B(d,e,f) 



(7 



a; 



y 



F 



(.x 2 + y 2 + 2 2 ) 2 



(x 2 + y 2 + ^ 2 ) r (x 2 +y 2 + ^ 



US' !il (7) JI>JI & <8 
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i - ■.- ■—■-■:-=-:-:----\-\.-z-:-:-:-:-z-z-: t-:-:-:-:-: 1 . i z-z---.-:-zz:-z--z^-:-:-:^:-:-:-z.-z:-:-z. 1 ^^ -z'.vx-z-iwi-z-^'j-zu-i-z^-i'j-z-: !-iYiYm— -mi-z-m-: 



:SJtJI JljjJl (Gradient) gjJS Jb* 

f(x 9 y,z) = {x 2 + y 2 + z 2 y* 

1 

d(x, y, z) = ln(x 2 + y 2 + z 2 ) 1 (»_j 
g(x, y, z) = x(y + z) + yz (_>• 



J* (1,1,1) J\ (0,0,0) & F S^UL J^Jl (Work) JAJJI ^. 





Jl 




0 < * < 1, f(t) = ti + tj + tk b\ Ci 

0<t< 1 , f (t) = ti + * 2 J + t*k Of ^ C 2 J^lJt ( v 



F = xyi + yzi + xzk 
F = 2yi + 3xj+ (x + y)k 



r(t) = (coflt)i + (stnt) j + ( 1 1 A;, 0 < f < 2tt 




xydx + (x + y)dy 



c 



(2,8) Jt (-1,-1) 




& y = x 3 Js- 



ipLJl >_jjUp oUJl (j-^* F = yi — xj <t>wjl JU^JU J F.df JL»- 



(0,1) Jl (1,0) ^ ar 2 + ^ = l SJb^l 2> > 
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1^1 ^ f(x,y) = {x + yf ^ ^ 51 ^ ^ 



4 



F 



/ F.cir JL^-jt 



F = xyH + 3x(xy 5 + 2) j; r(i) = 2costi + airy, 0 < t < 2tt (1 
(y + co, zyz)t + (* 2 + cos xyz)j + (z + xy cos xyz)k ( V 



(6 



(7 



f (t) = 2cos ti + 3sin tj + k, 0 < t > 2tt 



F = (2y + sin x)i + (z 2 + \ cos y)j + x\ 



(_>■ 



f(t) 



sin ti + cos tj + sin 2tfc, -tt/2 <t<ir/2 



:aJ\^\ o*ilW«i3 / (Potential function) o^sJS SJb A^-jl 

= (y sin z)i + (x sin z)j + (xyz)k (1 



F 



(8 



F = (Inx - se<?{x + y)i+( sec 2 {x + y) + 



W + 2 



■2 



y 2 + z 2 



2„, 2 



1 



1 + x 2 y 2 



VT^y 2 - z : 



2JZ Z 



(9 



(2,3,-6) 




2xdx + 2ydy + 2zdz (1 



(0,0,0) 



(1,2,3) 




2xy dx + (x 2 - z 2 )dy - 2yz 



(0,0,0) 
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(2,2,2) 
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JuljJa—^L. az = t/ 2 



1 



2 





x 2 +y 2 



a 



2 



4a 



2 



x 2 + y 2 



r ^J| J^b £2, csli! x 2 + y 2 + ^ 2 = 9 S^l ^ ^ ^ 

x 2 + ^2 _ g 2 ^l£J| 



J jj ^Ul 2 = 9 - x 2 - y 2 




1 a A^rjl 



(4 



(5 



(6 



(7 
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L5> 




Jj.15cJ|j J-^LciJ A^U-Vl Ajjkll Uaj t(3 ykJl hjalj ^ i> jaJ 



r 



1%J 




1 g 5 d\ 



.(9) JS^JI >il ay cSji-Ji ^ 1 



01 vi 



5 




1 ( _ r l_P g(x,y,z) aJIjJI J-«15o osj^aJ "5 




5* 




5 





Ri 




.Y^g(xi,yi,Zi)&Ti £j^J! o"j&j i Bi X* g(x,y,z) iJUJ 

: US' j>^J\ UlScJl cJ>. dJJl 



5 



yj y, /(*, y))\/(/x) 2 + (/) 2 + i d*dy 



(l) 



s 



iSjL^i ^^kJl J^LScJl 0U (x, y, z) J£! s(sc, y, 2) = 1 



its' lil <d J»-N 



uJl 




^ysasj ^i\sA\ 3 1 8 




y = h(x, z) 



J 1 9 (x, y, z)ds = jj g(x, h(x, z),z)yj(h t ) 2 + (h x f + 1 dx dz (2) 



x = fc(y, 2) 




5 (fc(y, 2) , y, 2) J (fe y ) 2 + (fc,) 2 + Idydz (3 ) 



F(x, y, z) = M(x, y, z)i + N(x, y, z)j + P(x, y, z)k 



Oli 4 JU.L*i^Jl -oJl^jJI <**Zj> ft lib ill^x^ Jlji P,iV,M 

. (.,;. y, z) JkiJl JC* F iJlJdJ SJuUiJl 5jS>Jl ^ F(x,y,z).n 

US' ~kJl Jlp F aJLUJ U,UiJl JLSjJU ^>Ja-Jl J*l£Jl Uuy6 ^JUjj 

y ^ F.nds = J J (Mcosa + Ncosfi + Pcos6)ds (4) 



5 S 



ii — cosai + cosftj + cos 6k l)\ 



cos 2 a + cos 2 j3 + cos 2 6 =1 j 



. (FLUX) JiJdi jt j^jJI SJb*j J* 
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^\£w\\^ ^JaVii\\ ^-a^Ajjl ^jjaJU; 



5 

2 



z 



4 j z 



S : Z ~ /(a:, y) = \/x 2 + 



(i 



1/ 



y 



JhYiYiWiY'iYiYiYiV^^ 

yx 2 + y 2 



X 



Wrtfttttttttff 




■ ■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■ ■ 



x 2 + y 



2 



:ol (1) J ^j^lj 



j j ^Jx 2 -\- y 2 Zds = J J {\Jx 2 + y 2 ){\/x 2 + y 2 ) 



s 



n r \\ ■ 



s 



z 



5 




X 




X 



2 



+ 



1/ 



2 



x 2 + y 2 x 2 + y 



2 



+ 1 dA 



\/2 JJ(x 2 + y 2 )dA 



R 



R J* 





r = 4 j r = 1 /^V 1 ^ 1 Cr* 

.(12) JSLUI >l 



320 



2tt 4 



JJ{x 2 + ^)y/2dA^ j J s/2r\rdrd6) 



R 



0 1 



255tt 
71" 



2tt 



i) 




d0 



o 



i*^ Jk»-.^M^"' 

ifmHUPfP 1 mmiM iiiiiiiiii 





5 
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5 jl 



ill irthiiiiiiiftiiiiiiri^^ 



.0 < z < 1 



z 



> 




2/ 



1 



i? Otf IS! 5 L^-j y j x Cf.jJc^\ J f <Jb ^ V 4i! 

j 0 < ./: < 1 f./\ z) j»UJl J5 J> 




:015 ISIj 0 < z < J 



/fx, z) = 1 



X 
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(2) J y '^Ju z J^Ubj R Jj> y = f{x,z) iSiUJl S o\i 




(x 2 + $ + z 2 ) ^/ (~l) 2 + (Of + IdA 



s 



jj{x 2 + (l- xf + 2?)V2dzdx 



s 



1 1 



X 



2 



2x + l + #)dzdx 



o o 



V2j (2( 



X 



2 



1 



2a: + l)z + -z z 



3 



1 



0 



dx 



0 



1 





2' 

2 — 2x + - } dx 

<u 



0 




0 



0 



3 



:0 





(1 - z 2 )t/s 



5 



t 



\J\ — x 2 — y 1 



\ 0 ^SCll 



J J (I- z?)^[f x (x,y)) 2 + [f y (x,y)} 2 + ldA 



(1) 



5 




rat 



y) = ,. , ■ , fy& V) 



y/l - x 2 - y 2 5 ' v/l-x 2 -y 

[/xfo y)f + lfy& v)f = 1 _ x 2_ y 2 + ! _ X 2 _ y 2 



1 



1 — x 2 — y 2 




(1 — 2?)ds — f f (x 2 + y 2 ) --~p==~=== 

J J v 1 — x 2 — y l 



:o\ ^ (1) ^ 



S R 



SJ^JI J* S»>. > JJulS^J! iilJdl Of Ji^V x 2 + y 2 < 1 jl ^ 

_|_ — 1 

5Jb-jJI Syb J^b ^Jb ^yUl ^> <>1&JI *M cAi cA> 



. 0 < 6 < 1 j x 2 + y 2 = b 2 jl kl^- 



//(l - ^)d S = lim 



5 




Jr + y 2 



Rb 



•y/l — x 2 — y 2 



dA 



>.J 



2tt b 



lim 




r 



vf— r 2 



(rdrd#) 



o o 



2tt 




0 



lim 

6— »1- 



r~Vl — r 



.2 



1 



2 __n 

3 V 



r 2 ) 



o 



2w 

3i 3 

o 
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>uo\^ 



s 



^Ul x+y+£= 1 ^jJL^Jl ^Sj /(z,y,z) 



x 



(1 



2=1 





a 2 



a: 



2 



+ S/ 2 i.jy^Jl *y*r Sj f{x,y,z) 



x 



2 



(2 



. z 



2j 



y 



0 o L^jLw—*. J 



£jJaJLjl z 



3 



(3 



■ ■ ^ VW* J 



x 2 + y 2 + z 2 = a 2 SjS3l ^Jom* $j /(x,y,z) = x 2 + y 2 




(4 



n 



1j s 




/ / Finds Jbj-jl 



5 



. a- 2 + y 2 + z 2 - a 2 SjS3l ^ (i jJuJl *j>Jl 5j F = xi + yj + zk 



(5 



(6 



,2 



.2 



U^ 1 2x + Zy + 2 = G (iji^Jl 5 j F = xi + yj + zk 



(7 



JJJ 



4* h 




- * 11 (j} \ y i a Sj F = xi + yj + zk 



(8 



.(0,0,0), (1,0,0), (1,1,0), (0,1,0), (0,0,1), (1,0,1), (1,1,1), (0,1,1) 




324 




.-. — .v-r-v.-.-.v.-. — ^v-w 



S.-..J-J-J- '-J^W^I-JA 








4 







F(x, 3/) = P(x, y)i + a(ar, v) j + ° k 



F JU«JI eiUdtj 



CwZF = V x F 



i i k 
Odd 



dx &y dt 
P <p O 



'&p or 





k 




<te . dy . dt 



ds 



ds 



ds 



Ji US ^ i> ^< jSU, lASUj 




M 



Si^Uil F (Tangential Component) v-UJt i5^U J*^ ! 
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j-aVut 




^ ijj. C SJLk^l JU 




iikuJl Jp ^sbsJI J-l£d 



4_ O 






(normal 



component 




I uil — a 



. {CurlF)F 



c 



is-** 




^Uj iau^ jU* Ji jS^w. o-U . i? ij^ 0 




4ft 



5 ^kJt ^jJl>- (15jSC ^JL31j J>bul ^ 



* . * 



or** 




w 



.(14) JS^JI J .^yr Si> J o^p! eJS jtluJI 

C Jp c^rjJl oUJ^I .S J* ti^j^t SJ^-JI n 



I4J <GLS> VU. F lil .^jJ\ .L>JVI Ji C j^J} 

^j^, lip Vc£ JL* <uU S Jp J*^ ^i UkJl J iU^ oUUL* 

: Ju US' LJ>lj '(George G.Stokes) ^ ~jyr JUJl JI 






1"^ 



* ? \- 



: J, US' ^-Sj^ hJoI & Cj^hj 



j ijA c aikL,i j* &j+U\ f ju«u v-uJi "^j^ cM 31 J* 15 ^ 1 



(OuriF)F ^LfcTil ioj^Jl kSy^ ^rj^l »^ 

JUJ^ (Mu.r) JiJuJ! cijL^. C ULk^-l ^ F S^iJL (Work done) 
^ ^1 o^U jLpVj C Jip (s,y,z) ikili £^Jl ^ 




\ - p v 



C cJtf lib ^>°J ^ = 9 



! ,>* u i*r s eJlS lil 



F = 3zi + 4xi + Axj + 2yk 



n 



2a:z + 2yj + k 
+ Ay 2 + 1 



2 



Jfc 



ddd 



dx dy dz 
3z 4x 2y 



2i + 3j + 4fc 



J 
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ff , ff 4x + 6y + 4 

/ / (CurlF).nds = / / . o =da 
./i ./J .^/-lx 2 + 4y 2 + 1 



s s 



ds = v/4a: 2 + 4y 2 + Id A ^£1 
J I (cur IF). rids = J J {4x + 6y + A)dA \Ka 



S R 



2tt 3 



JJ (4x ~hQy + 4)dA = J j (Arcosd + QrsinO + 4r)rdrd9 



H oo 



2tt 

J (2cos0 + 3sinl) + 2)(9)d6 

o 

(9)(2Mn#™3c05# + 2#) 



o 



(9)(47r) = 367r 



(CurlF).nds = 36tt 



s 



y r f 

<f> F.Tds = & F.dr = * 3zdx + Axdy + 2ydz 

c c c 



x 2 + y 2 = 9; z = 0 



: Jl J;^, J^JI J*lfc!l ui 
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/ 



J 

C 



F.Tds 




I F.Tds = j> 4xdy 
c c 



x 2 4-y 2 



9 ylJdJ S^ljUl oV^UJl 



0 < 0 < 2tt t y 




i X 



3cos0 d j& 



/ 



J 

c 



2-rr 



4 / (3cos0)d(3sin0) 



o 



2tt 




36 / ms 2 (W0 



o 




1 



2?r 



.sssw ^.............. 



2 1 2 
36tt 



o 



u5 >xkJl J^licJl ^ 



2 




2 





(2,0,0) 



(0,2,1 



<V •■■■-•■"(0,2,0) 




X. 



2/ 





***** 



£c-*^^<JI ^IJjjJI 4^-Ll*JI 

^Jb ^Ulj (15) 



4* 

: jl 




F(x,y,z) 



?>y'i + 4zj + (>.rfc 
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JJa^ o!>Ul^ ULks Ja^Jl V L^>J S^iUJl JJLjaJi 





n 



cur/ F 



V/ 



Iv/ll 



fc 



0 






4^ 



4i — 6j + 6yk 



^JL US (jPj^jJl oJl>- jJl 




j + 2k 
V5 



S : f(x, y, z) 



( Jb US' ^>«la. Jl J-ol^lJl w>U*>» ,j^HJ 



2 2-7T 



/ / (curlF).nds = (— 4i — 6j + 6j/fc). ^ — . dx 



V5 " 2 



5 



0 0 



2 2-x 



y / ( 3 + %) ^ dx 



0 0 
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(y + y 2 ) 



2-x 



dx 



0 




3 / (2-x + 4-4x + x 2 )dx 




3 / (6 - 5x + x 2 )dx 



31 6a; ~ 5a; 2 + 



1 
3 



x 



3 



2 



0 



Mtf Mit 1 




■■■■■■'■■■'■■■' ■■^■^■^ 



14 



10 + 




f '.</r = 14 



J 



C 



— ■ = — ™™ 



illVl i11 iiiiiiiii"m .v.r'i-.Y.YPj frm . .v.v^.vrtvovmvi^. . ■' , ' , ' , ' , ' , ' , ' , ' , ' , ' , ' ,v,n 



|mW .......n,:.,,,: ■■■■■■■ VmV.Vm ^y.VM.MV.V.V.VMVM .y.-ni.-.TInV-..............' W 'A \~™»»>>> ■ ™. . ^ 




.-.-^ ■.■.■■■.■■■■■■■■■■■■■■■■■■■■■■■it;- ■. r ;-vvvvvv- r..-v- ■■vvvv 



u.rp.n.-Y^-rY-Y^ ^ W Y.*V»i*»* ^mftHmift -r-WW m'-A'"'^*-^ 



tti _ v .. i . v . v . ........... p r..:,-" - ■■■vvvvvv- r j-V- - 



_, y v . v , ■,.-, lVJ i- 1 ,.-,.-.v ;-,.n-y vv- ;-vvv- .-vy- .^vvvvv- .■■ . - 



/r 



r.Vi"Vv VnV 



vrnVr|-nrrp' i 



V 



■|V|-|-|-|Vi - |-|-| mY 



i f V 



-^...^vvvvvvv- r- r- ■■■■'■■■.■■■.■V''''''", 



.r. . ,; ;v-v.- v v vvv v v- rrt .■r v/ v v v v- IS -v -.-V V- iv v v- ^ .■■Y>r 



/ 



.-. . Y Y-W-Y-Y-Y- 1 - - i - -Y-Y"i 



;..; Ti v. vv-.v.v.v.-.v. . V^VWWriV^ V- r^Y. -Y. -Yr* . -tt^YW^ .^YrYV^Y. 



J 



C ol>Jlj Z 




= y ^c^Jh z = * 2 +y 2 *J\ZJ\ p-^JJ <^ c ^ »M 

J xydx + x 2 dy + z*dz 



C 




F = xyi + x 2 j + z l k 



2 
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4a!j\N ^iriWAN j-uaViC o^*-* 




xydx + x 2 dy + 2?dz 




F.dr 



c 



Aj JsHJ , a..„..iq i t,„) 



J J (curlF).nds 



s 



IjjSh 4JjjU U>L*-« x 2 + y 2 =y o[i c LS L& ^iJ (x,y,z) oJL5 IS 
r = sinQ iSljia-^U oiJL>^ xy ^^x—Jl ^ 




i J2 



end F 



■ R J* 



Z 



^Jj US" F JU^JI cJLiiSl uL> 



3 



k 



d d a 



.i,i,i,i,i,i,i, W ,i.i,i,i,i,i,i,i,i,i,i, W 




dy &z 



9 9 



O^i /(x, y, i) = z~ y cJl? tS|j 



V/ 



llv/l 



: Ju US' ^kJl >ISc3I o% 




(curlF).nds 



s 




(xk) . Vl + IdA 

v2 



//^ 

7T stn0 



y* y (rcos9)rdrd9 



o o 
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it 



1 



37 

o 



cosOr' 



dO 



o 



7T 



1 



I cosO sin 3 0 d0 



3J 

o 

1 • An 

sin V 



12 



7T 



0 



o 





' L: 



















t.YiYiYu 




^rrrrrAyivfr 

i r.-.-.TT n n|rr t 




f 








■■V- r-Y-Y"n ■Y p " 
vjrjmr.'i ■ j- 



n 



ii'.v.v.yy.v.-L 








F =i?i + z 2 j + x 2 k (1 
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j j (curlF) .nds :^>«k~Jl J,l£dl 




*J?Uu C ^j>- F(x, y, z) = = (xi + yk + zk) (I 

\Jx l + y l + z l 

.x 2 + y 2 = 2z Z\J*JH\j 2z = x 2 + y 2 ^ISUJl 



<S j ' I >»_i»LJLJ C 0! ^ *■ F(x,y,z)=xzi + y 2 j + x 2 k 

IT 2 

x 2 + 1 ^l^k-Vlj x + y + 2 - 5 



2 = \Jc? - x 1 -y 2 5 ^Jl Sj F — zi + xj + yk (2 

^j^JU z=(x 2 + y 2 ) 1 ^ F = x 2 i + y*j + 2?k (3 

. z = 1 



l«J aU^V ^ji^ ^ fJi^J iF = 2yi + e x j-tan- 1 xk cJ\S lii (4 



5 

C c^UT ISIj y, z) = (rr 2 + z)i + (y 2 + x)j + (z 2 + y)k ^JlS Bi (5 

{JS^ii z^^x 2 +y 2 ^jy^J\j x 2 + ^ + z 2 = l ^U; 

J F.dr : ^Ja^Jl J^LScJl i*J ^1>cjV ^-S jz*> 

c 

:^bJI ^UJI ^ i*Ul Vj Up oUjI ,l>j| i^J C b\ 
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-J- s- w&s-w 



rs 



- r Itz = 







<^uJl J,l£dlj oU> ^1 ^ j^j '6^1 ^ ^ 

isJuu, ^ J* l*JU^ ^ c3^l ^ ' Uu - 

U* ^ dJJuj .^iisai li* JlW; o» l ^ V^- ^ u tA 

01 -i^j 1*1* ^1 J-l&d' * lyrl ^ Q dl ^ 



. Usw-d iy**ij hj^ 



■ ■ A V WAWA' l . , . L rr 1 - 1 W U WMM«5«V W^™'^ 1 l^ 1 W« l AW,WW-l l ' ' ' 






r r ^ 



"It* 



t 5 






■= 








~- 3 









If | 



j. 



4 i 
5 1 




■,TT. .-.■i - -vrL- - i 1 1 

■V - i r i T -' r 



4/ * 



J 



O 



"1 





^7 



% ■■■■■■■■■■■■■■■■■■■■■■■■■■ 



— ■■■■■■■■■■■■■■■■ 
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j±c*£ic. 



s 




J ^ F.ndo- = / / / v-Riw 





S Q 




(a; 2 + y 2 + z 2 )dv 



Q 



2tt f 2 

2 i „ -2 ♦ _2 \ III ^2 ^2 




(ar + r + ^r) = / / / p.p 2 sin<f> dp # dB 



Q 0 0 0 



2,r f 





5 

0 0 



sin<j) d(f) dB 



2tt 

32 f 64?r 

du 




5 J 5 

o 






L --.- : --: 



: jl j I F.nda 3yci\ ^JJ^ 

s 



F(x, y, 2) = xi + yj + zk 



x 2 + y 2 = 1 *J&**}\ xy 
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F.nda 




X/.Fdv 



s 



Q 



2ir ! 1 



3 




p 2 sin 



<f> dp d<j) d6 



ooo 



27T f 



J J sin(j)d(j)d6 



o o 



2tt 




d9 = 2n 



o 






y ^ F.ndcr 



s 



j? = + sinz )i + (x 2 y + cosz)j + (e*2 + 



5 




^ y F.nda 

s 




Xj.Fdv 



Q 




(5x 2 +x 2 )dv 




131.66 cijl^ J-^J» ^ ari ^ ^ 
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**»X ,V«5»j <V«V&& jJdt 






-Z.--: r.v.v.j.v - j 



* 




F.nda 



s 




'c 1 



Sj F= (x 2 + smyz)i + (y - xe - *) j + z 2 fc ( 1 



z = Oj x + z = 2,x 2 + y 2 = 4 :iJd| oViUJl 

F(ar, y, z) = xH + j/'j + z 3 ^ 



z = 9 j z = a; 2 + y 2 jJaUJl ^ ^kJl 5 j| 



In. ■ ■ ...A.-iJi— ^^Www 1 




i 



5 ui 



x 2 + y 2 -f z 2 




£ 2 + 1/ 2 + a 2 = a 2 S 



(2 



j&\ j^j 5 ^ckJlj F = xi + yj + zk (4 



^J^-J| O ^ : la i^J 1 ^jl^ ^ S d\ ^ F = xH + y*j + z*k (5 

a>0 j z = a,y = a,x = a oLjX^Jlj jjU^JL 
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a: 



+ 4y2 = i ^bJ| ^Uaiii c <jl d->- / cosx 2 dx + siny 2 dy (1 



(±1,±1) <u-jjj ^> cd] ^ -Aydx + Zxdy (2 




C 



(0,0) * (3,0) c(3. -2) ^jjj <|jJl diiJl c a! JxVdx (3 



C 



„| < sinx j 0 < x < tt UkJl ^ c ol f-2ydx + 3xdy (4 



'• ^-J^ ^ U 




(2x -41? + e x+y )dx + (arctany + e x+y )dy 



C 



(0,0),(0,1),(1,1),(1,0) 

(Curl) jlLJVl j I (Circulation) OLyrJ! a^O 1 oi^r ^A 1 f-^- 1 
oVUJl J c j^J\j F JUJii (Outward flux) Jl 

F — (.x + y) i - (x 2 + tr ) k (! 

y=x t x -\ «, y = 0 _> iJb^Jl diiJ! c jl «^-r" 



(6 



F = (x + e x siny)i - (x + e x cosy)j (y 
2 = cos29 &UJl ^ ^1 ZjyJl j> ^ 
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* ^aV£jA\^ ^u»\j£. 



F = (tan- 1 |)i - ln(x 2 + y 2 )j (_j>- 



Kr<2,O<0<7r obtiJU S^JL>^Jl 4.ik Jl c ot 

_ — / — — - •* * * 

0 < £ < 27r, r(£) = (acost)i + (asint)j S ^SijJi (I 



0 < t < 2tt, r(t) = (acost)i + (bsint)j ^kiJl 

0 < t < 2tt, r(*) = (cosH)i + (sinH)j i Js>^J\ G> 



i u! ^ (8 



d xi/ 2 dx + (x 2 y + 2x)dy 

c 




Ax^ydx + x 4 dy 



c 



• * p 



SJUI cJlS" !il <il ^ iJU^j S*j^ ojJLkJI oLiuUl 015" lil (10 

/(x,y) 

+ ^r = 0 



fix 2 



^ IfrJp jJaJ c m^J! oL>aJ! J5 J* 
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x 



2-y 2 j x = y 2 J\ 



,jl^JI ^JiJLJl ^ x 2 -2y-2z = 0 ^Ja-Jl 4^L~* ^-jl (12 

xy <sf~J\ J y = 3x,y = 0,x = 2 oUJi~JU 



Jji ^JL ^Ul x = 4-y 2 -^ 2 ^KJI p-^JI A^-jl (13 



yz 



J l<y 2 + z 2 <Aj {ring) fcUJl 







^kJLJl ^SUI J* g(x,y,z)^x + y + z iJlJJl J*l& ^jt < 14 

2 = a, i/ = a,x = a oUjX^-JU (First octant) JjMl t>* 

— imtimt viW ^ IP / j Lflip 

^ U s ^ » ^ U 1 1 cF Jlp g{x } y,z) = x£\/y 2 -f 4 J^LxJ J^-jl (15 

z = 0,x = X,x = 0 objX^JU y 2 + 4z = 16 




n r rr.-,V- 






(Circulation) 0by>JI v l~>J ojii J ^ Ja - Jl J* 1 ^ 1 

F = 2yi + Sxj - z*k (16 
^ LfrJl ^ Ujh* xy iSj z~~J\ J x 2 + y 2 = 9 S^UJl c ol 



F = (y 2 + z 2 )i + {x 2 + z 2 )] - (x 2 + y 2 )*; (17 

JjVl x + y + z = l ^y-Jl Cf t-^ 51 ^ Ji - Jl C ^ 

. IpI ^ «JI ^kj Uxp ip'uJl cjjUp 
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<AjX\ ^jkbJ&^ i^jjAjuAN j+tXxZ. ^yClJU 



F = a?y*i + j + zk (1 



Sj— S^_!l v i ./? »j x 2 + y 2 = 4 5_Ji j la .,*SM ^-Jg 1 2 ,7 c of ^ 



x 2 + y 2 + * 2 = 16; 2 > 0 








I cJ -Lp F = xi + yj + zk <jL_£ lil J ^ i .iJ 1 l^lJ (19 



x 2 + y 2 + z 2 — a 2 



*jJ^ J^U (Outward flux) £jUJl jijdl ^UjV J^iJI *j>J fJii^-l (20 

:5JbJI oMUJI ^ n 




F = x 2 i + y 2 ^ + z 2 & Q 
2 = l,y = l,x = 1 oLji«*Jl JjVl {j> ^jLiJl u-^xSCJl 



F = yi + xyj — zk (u*> 



p^Jl j 2 = 0 ^ ji^Jl ^ x 2 + y 2 < 4 iil ^k*Vl J>-b Uki J I « 

. 2 ~ x 2 + y 2 fr^lSUl 



F = x 2 i + xzj + 32fc (_J> 



x 2 + y 2 + 2 2 < 4 5^^>«Ji S ^SCJI n 

F = x 3 i + y 3 j + z 3 ^ (a 
x 2 +y 2 + z 2 < a 2 1*~»>*J\ n 
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A^O 



J .'.'.' m .'. 










I LJ U I I L J I LI 



I I.. I. .■ ■ J.! ■ I. I. I. .1. .1 J I. ■ ■, . .1 ... I J.I .1. I I J. , .1 ..I.I. r J, .1 . , r| I..I. , , , t .I.J , ..I. , , .1 .1 , .I..I , , .1 , , I..I , .1, , .1. I I _l I ■ _l I .1. I I .1. 



(f(x)ey) 




JSj (xeX) 






I 



. SJL2>Jl alJLpVl ^ <jj^i y^«Jl ^Ju j (l jl 0 oil* m) m ^t^wzJl 



1 



1 1 



J 



2 ' 3 



J 



1 
4 



5 



(-1) 



n+1 



* t * # 



n 



* # * 



„ 1 2 3 ,1 

0 - - - 1 

' 2 ' 3 ' 4 ' ' n ' " 

3j 3j 3 ? 3j ... 3 3 3 ... 



ai, a2, as, a4, ... 3 a n , ... 
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/(n) = a n Ol / XiUJl ^ K) 





«**» 



n > JV JS3 |a„ - £| < £ l)\ d~r» 



iV 



lim On = L 

7i— >ac 





^ (Converges) {^} ^ 



L = 0 j a n 



n 



r 



U51 a>JI 



:2 ^l.ydl ^!jl^-Uj 







1 


a n -L 


imm 


i-o 


= — < £ 




n 


n 



n> N - <e b\ 

u n 



J 



n>- ,l£J - <£ xS'tJl 



1 
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N>~ Of 3Jlp jU^-U dili 





fcj^. CJlS" IS! lim On J^j\j oUbuU JjVl i^iJl 3jO>Jl ^! 

. vUUS q\$ \*\ e^Jl jlj 



a 



n 



7 t^r a(n)-l + (-l) n ( v 



a 



n 



1 + (0.1) 



n 



( 




iJbJl a,L«Jj 1.1,1.01,1-001,1-00001 JjVl wiJl ijjUl 



(! 



Hm a 



n~+oo 



n 



Mm [1 + (0.1 ) n ] = 1 



Ctsyry* jj> SjLfJl £>f .0,2,0,2,0 ^JjVl i-^iJ! j> jJl>JI 

.(?!SU) 



:*JbuJl ^ dUJ5j -7,-7,-7,-7,-7 JjVi L^Ji 3ja>Jl C*. 



lim a 



lim (-7) 



7 



n— »oo 



n> N J£J a 7i > P ul 



Ji^J |On| < M 



(Unbounded) SjjJ^ ^ o£z 5JlnJI jU dDi jJ> olS" ISIj . n > .V 
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\ .-v — >X'^-" 





.... ■ v.".-.-.-.-.-.-.-.-.-.-.-.- — — 





1 



a 



n 



a 




(1) *3>J1 uU^J 



Ail Jju lJufe j lim On 



a 



n 



L < 1 dU tn > N cJl* IS! 



n 



L + L\ < a n ~ L\ + \L\ < 1 + \L\ oU m > iV cJlS ISIj 



n>m J53 



a 



n 



< M oli M = Maxfloml, |a m+ i 

■ & v * 



aAr-i|,l + |£|) cJl* ty 



.Lik-. 6&t£u jJ^JI (I) cr* <0W4 a^. M ^ iU -W 





s « t • - mj a„ < a„. r i jLS I SI (Increasing) 5J_.i>J^ {a„} L-JUli_<JI 

• On^a^+i 0^ IS! (Decreasing) 

> {(-I)"} S^Lr* W ^ ^i^ 1 ^ J 



j 
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(The Sandwich Theorem) J^jjUl hj» ^-J iiUl J^kil 



jl (on-X^e in>M Otf \i\ 4i\ 




Af j^J 




>0 & 



e<On<L + £ jt-\ 



/ 




c^JLS (iJUJU j L — e < c„.< L + e 

Cn<L + e j L-£<On tn> M 

j! L-£<b n <L + e m> M cJL? IS} <J^i o„ < K < Cn iA Uy 

6 n - £| < e 




348 





0< 



cos 2 n 



2 



< 



n 




dJDj 0 < eos 2 n < 1 Dl Jw-N 



oil guji <>- 




us _ . J 



n 



. Mm 



cos 2 n 



n—*oo 2 n 





I - ^ 



- /I = 



1 J 

i l 1 . 1 . 1 . 1 . 1 . 1 . -H. J. 1 . 1 . 1 
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7^ ^ v 



i'.-.t.- rr7^ r - 1 



1 



c 



.-. .-.-.v.- ■■> ■^■■■■■■■■■■■■■■■■■■■■ -: Y- - - - - -V" 



■■■|---|---|---|---|-- , |" , "|- 



■.-.v.-.yr.-. vYv-f- ■■■■■■■■■■ : vv -:-:-:-:- - 



.-. J-lv.-.v. .-I-J-.-.-'.-r >^H«vm^r 



■■■■■■■■■■■ ■■■ ■■■■■>■- ■■-V" -:---n 





Mm 0 = 0 61 

n— *oo 



0 < 



r 




0 jtS li! 



-1 • f + * + 



61 



l ii Bi ^ r *a»ig_i 



L, .lr 2 



^ , |Jl»j |r 2 - 0| < £ <.n> N 
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n > 



Ins 
ln\r 



J 



nln r < Ine 



jiClj r <\r\<l O! 



ln\r\ jV iJLAjuJI SjLil ^Jtf Ji^ 



r 



ol ^ jiJ j e < 1 



.iV>0 



r 



n 



n > 



lirn 

n-~+oo 



r 



n 



inlr 



<P iP y> { J^>- *JlP (J^ tiJliJl iJUJl OU^j 

lift j uin|r| > InP Jail ^ycJaJi pJujlpjJJ) Jl>-Lj 



oo LKaj ra>iV J£J \r\ n >P <jU t JV 



in 



r 



r lib 

3 i m Juyd\ 
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jLjlpI gj f ijLgJ QjJa,: 1 UL»J i^jlJLo 6 L^klJ I 



g(n) — b n j f(n) = a 



n 





4 



1 ~5n 



n 4 + 8n 3 
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4 



69 



9 ' 80 ' 




• • • 



lim — : — — * 
n-+oon 4 + 8n 4 



5 UlruJl h\#J 



5 aJ\zJ\ 



k ''t: 



Fir?:!* 



■m 



■ J ■ ■' 7 ■ 



.-si h - 



r h > ■ 




"I. , " 



"3" 



! ^ i ■ ■ H 



■7r— . 



-J: 



PJ 1 ' i 



7' 



1 H *l 



' H , 1 H i f 1 J i 



n >- T n 



^ ^Fi 1 I I 1 ' ■ J 'h/ ^ 



■hi. n H- t p 'i, 'Hi 'Hi 



>h 



■ t '-;_ - -r. j -v; 



■ r ' h ■ 



P r 1 ■ i J i ' T fc( ^ ' i i i 

; lim a* 




r .n 



' L , '■ i ' ^ h 




iHii^iiiiaiiiS 



H. h -H.'^ 1 .| , ^H 



ft* 



;^V-Ji "i-r.---.: V;- - : h .: ; -::- .V ^S 




lh, 'H, 




i|ii«ll»WSi 




L l t . 1 ■ 

--, - - - J i- 



1 J L 



_"r 



i ' 1 h I 



■ h . ' 1 h. . hi , 1 h J 



''l.'.'h 




■ l. 



lHi''h 



■ h . "h.^'h" 




r i r : t p ' h : ■ h . : 




r 1 " J- | 



lim /(i) = L it ^> (1 




N 




ijujl JUj-^. e>0 

|/(x) - £| < « 



\f(n)-L\<e m>N cJtf li 



±00 



SI* % 



lim a„ 

n-»oq 



lim a„ 

n-+oo 



lim On 

n-*oo 



= ±oo jl sop ^ j "oj^ 

l at ^ ^jjj (2 
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6>0 xuJl Ju»-jj e > 0 J£J «uU iL iLai« / iJUJl o! U>j 



dJU jJj t lim 



n-*oc 



J 



I 



a 



n 



L .f(x)-f{L)<e uli |x-L| <5 jl* til 

L\ < 6 jli m > JV <jt5 ISI til ti~-»- iV aJl iJ^J! ^-rj-t 

f(a n ) -L\<e 



lim /(o n ) = /(L) ^ II* j 



n—*oo 





lim a 



n 



n— >oo 



0 61 jl* iOn 



(-i) n+1 A 



n 



i^kiJ! 3jJl>J! t^j^j dJUS 4 (Alternating) ijjLx* SJlsuJl 



i 



1 1 



2'3 



1 1 
4'5 



lim 

n~»oo 



lim ™~ = 0 of Uj 



iJ 



(4) i>Jl 



lim(-l) 



n+1 



n— *oo 



1 



n 



0 Oil 




a 



cosmr q\£ IS! lim a n Ju>~jl 



n— +oo 



^ lim(-l) n jV S-LpL^. 3_J!_1I_« (-1)™ ro.s»--( 1)" o! ii^V 



n~+oo 
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artctan (n) SjbiJl SjL^ J^jI 




lim arctan(n) 



n— *oo 






{(-1)V3- 3 } 5JI^JI il* ^rJ 



lim 

n— >oo 




lim 

n~*oo 



3 



YimWiViWiSW^i 



3 



n 



lim — = 0 

n— *-oo 3 n 



:ul ^ (4) iJiJI jJa^j 



lim (-l) n n 3 3 



n 



o 



n~>oo 






a 



l + (-l) 



n 



n 



( 



a 



n 



n 



2H ( If 



a 



sin(~ + — ) (1 
\2 n 



a 



1 



71 



(-l) n [l--l <-* 



a 



n 




( 



7T 1 \ 7T * 

1 ,v» * jJB iJlruJl cUUjJ j lim sto( - + — ) = sin-- = 1 (I 




2 n/ 2 



y ! + (-!)" V 1 V (-1)" , 

lim — — = lim — + lim 

n— *oo ft n—*QG n rt— ►oo n 



0 + 0 = 0 



, jL LS itLdl t lim nsin ( - i (j> 




ml — 
W 



sin 




lim nsin I — I = lira = 1 



n— ►oo \ 77, / n— *oo 



n 



1 ^ ^jjJu JJbuJl dUUj 

SjlpU. iJlixJ! dLJjJj 4i> ^ il^JI iliin(-l) n (l--)==±l C-fc 



n— »oo \ Ti 
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Urn 

n-+oo 




i d\ 



Iny = — Inn jl i>-Lj y = of ^ ^ 



n 



lim Zny = lim — Znn = 0 I^Su&j 

n— *oo n— *-oo 77, 



lim y = e 



0 



1 Of 



n 




u n~*oo n! 



n 



n! 



n! 



of Lw 



n 



lim 

n^oo n 



0 



M> 



ar 



• T 



M 




lim , ^ 

B— *OQ V Ad 



n 



0 



x 



M 



< 1 



X 



n 



n! 



a; 



n 



n 



n! 



1.2..,M.(M + l)(M + 2)..,n 



.(Factors) S^Lp n-M ^jLJ (M + l)(M + 2)...n J^V 



J 



n 



< 



X 



n 



X 



n M M M M 



x 



n 



1.2...M.(M+ l)...n - M\M n ~ M M\M n 



Ml \M 



J 



0 < 



x 



n 



< 



M M 



x 



n 



nl 



Ml \M 



0 



■ x 

lim 



n 



0 61 Uj 



n 



Mm - — p = 0 *1ojJjLJI i> JaJ c^^j 

n~*oo n! 



lim ( 1 + — ^ =6^ 

n— *oo \ 71 




:jJ>U ^1 pjM 1 ' 



a 



n 



n 



Zn a 



n 



n In ( 1 + 



a: 



n, 



In 1 + 



x 



n. 



1 



n 



:^LJJb 



J 



h 1 + 



lim (In On) = lim 

n-+oo 



71— ►OO 



1 



n 
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1+^ 

lim Ln— 71 

n — >oo 



1 



X 



1 



lim 



1 J_£ 

x -r 2 



1 



n 



n 



2 



lim - 

n— +co 1 + 



x 



X 



n 



x *J ,153 lim a n 



e 



a: 




J 



^.r^--:!: : !-^.>---vv---> — 








■.ij.'.'.r^'L 1 . 1 . 1 . 1 . 




1/ 






YV 1 i ^! i 7i'-'-'-'-" j 7-'- i / i 7/-'-'-'-'-! j 7-'-'-!t i uuV-'-'-'^^-'-'-'V-'-'-'-V^ 1 - 1 - 1 - 1 ^-^ l . l . t i l . l . l ! l . l ! l . L ! A ! J ! l ! l . u ! L '- 1 '.'■'■'■'■'■! J ! tLi ' J ! l 7- l - l - lj 7 
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l^jj ijliu oUbJI ^1 oUbuU J/Vt wiJI >jJ*J\ ^xsi 



a 



n 



a 



n 



7i 



a 



n 



100 



n 



n(l - cos ~) 



1-2 



n 



a 



n 



3 



n 



(2 



(4 



(6 



(8 



a 



n 



n 



2 



n 



tan 



2 



2 



n- 1 



sec 



2 



2 



n — 1 



a 



n 



71 7T COS U 7T 



a 



7fc 



sinh(ln n) 



a 



n 



sin 2 n — cos 2 ?i + cos2n 



(i 



(3 



<5 



(7 



(9 



3*, 3s 3*, 3*,... 
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UhJ^A aU*V J^JI j'jS 



<? 



on fin 

lim AA^ (13 



lim { 



n 



n 



n— *oo \Tl — 1 



(12 



lim I 1 

n— >oo 



l 



n 



n 



2 



(li 



vttt*ttttttHM*Mt #i...fm.*m*ttt*ito 
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1 o 1 fi 1-4.7. ... -(3n- 2) * n , 
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I jipU j\ vjjUi JJU (12 



[tan l n) 

2^ 1+n2 



n=l 



oo 



(-Iftanhn 



( 



( 



00 




1 



£=i (3n-2) 



n+(l/2) 



(1 



00 




n=l 



n 



3 



( 



n+1 

oo /• 

^ / 



1 



1 + x 



dx Jcrjl (13 



Jl J*>J <^JI x ^ Jbfjl (14 



00 




nx 



n 



n 



I (n + l)(2x + l) 



n 



fan l x ; x = 2 



cos # ; x = 1 



( 



in x ; x = 1.3 



(a 



e 



•X' 



; x 



0 Or 



oo 




n=2 



Zn n 



5 iSJ 1 — i 



^\ j ^vica 428 
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F( a ; ! y,j/,..,yW) = 0 



ax 2 4- for + c = 0 

jj-J J^UJI J£J iUui ^£Jj J>JI a^j ^ kj^ 

JjJUl ^l_p- jbju: ^ Ji»Jl j~»Jj .JJL-JI o* jf* J J*-*' j-*^ 



J,Ul j^ull J> (3 Ji^\ J> (2 ^1 J>J! J> (1 
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d& J* Jii^j sJUiii hj~* J W* 31 o^y r 1 ^ 



dx\ <Px 



0 j£j j! ^C-u a < x < & VuJ! ^ liy^A y = f(x) SJb ^ SjW* 

:«JL*Lc)l SfeUJJ 




y"-y = 0 



y = /(x,Ci,...,C2) 



ihUJJ fUM j>ji dus Jlp Jh*£? ^uit j^Ji aA~Ji sj^ji 



y(x) = cie x 4-C26 



x 





(l/") 2 ~ 2 2/2/" + (/) 3 = 0 < 2 + 22/ -f 3y - 6e* = 0 (1 

(^) 2 + ^ _ y 2 = 0 (4 sin(y") + = 1 (3 



1 1 2 c 3 1 2 ; 



■_ .-TTTi'i'.-pJ r.T.M.S:.;.: .t...^—..................... j^MT^Jlta^VTft^WT^^^- ^-t-^j^^— >H*H^j t'^V V*X^mH* WV«-^rt^»"T . J.-.i.i.i.i.. i.-.- 












"- l . | . | . | . | . | .n™7Ti- lJ i T iTr-77: — — rrCrrS-r-^-wJA^-i-wWi n. T r. | . | .\ | .\ ■■KJ-Hn'i^" — 



v' 1 ^!.:.:. : .'h.'. , t , ! t , t r 



a Q (x)y^ + aiCx)^"- 1 ) + ... + a n (x)^/ + a R (x)y = Q(x) 






xy " + 2 j/ + 3y - 6e* = 0 iJUl iJULcJI ol ^ 
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: das > J li^j 




o^UJI J>* aL«V Mj^ 1 




„.¥*#;: jf;V-"'.'f-';.'' . /. v ■ .. 7 - :;::r-:r • 
T&7:#:/ y: -t >' vStf.-;-' 



i J ■ * i ■ j ■ ■ r;^:;^ 




lililtlllfii^^ 



'^Si;-:;--Sy:--- titfitfiiiij "Wr* . f y^/j*J;- J.fr-v ;V 3 # .' 

•■iSBIIwii-* 






- _ tj_ J 



■ - 1 L , J. 




*^ "l" ""r 



- h | ' U . ' # I 



f l ; « i 



r h ■ r . ■ ^. j r 



J H . - ' 



b 1 ■ r ^ J - 



■ L r — [ J ■ - 



"_ ht J 



■ ."I 



^^^^ 

^^■^■i^iyJ ^! : :fj-r!r. : yy'^;^; 

'•^■^^j^- v^^:^^:v^-. ;;/-v;> : : ^v/^:/7 

* ■■; ^.^ -^'^"i/-,v ,, j/r;.v; r yi: ::j ; :.r; v.. ^.- 

' ' ? '"»/ j ""_;- l j\: jJ - j j_' '-" ■ • •• l Ll "~l : jL -"_;" ' - 

■ ^^^^ ^ - 



.V * i 



7^ T.; - 



1 1 ■ 



r V T i,* r -*i 



* 1 r ' N 



■ i i . ■ "i 



1 F I ^ I 



■ ^^/^ 

*7l|v /•••. m 



-- _ J J , . J 




1 



3 i 



f = cosx :SJlsJl LUUJI r UJ! J^Jl Jurjl 




f/ = sin x dx 



COS X + C\ 




y= — cos x dx + ci f dx 




sin x + ciar + c% 



/ = e* :2LJk3! iiiUJ] ^UJI J>JI J^j 
. x — 1 Ujlp t/ = 0 t 1/ = 1 d)l kl*-j>- 



tf = e x + c :u! a>J LIScil 



x 



1 Ujl^ ?/ = 0 J&j 



0 = 2 + ci =J> ci 



xj = e x - e 0! 
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l^e-e + c 2 tx = 1 Uoip y=l 



Ca = l 




lift 



J 



.■.y.-.-.-.-j-.-.-.-.-i- -i ■ J ; ^ V ^ 



■j ■.■ ■.■ 



n'r'a ■'n'rm'rrm'-'i'rm iVn-HYi - r 1 KiViV" >HVTr— iVTTr** '-Vi'iV. V-j-nV-" / - i -YiV. - L ■ YT^V '-^"V tj l i_i .-Jh r. i-r n.-* th 1 i J -i i-i-Tl r-i J jVtJ.i i it^i ¥ i"i" 




— J.'.'.'.'.'.'.'.-j 1 HJAWJA 1-1 '.'. J 



\ 

i 
i 
f 




y"' 



4j/ = 0 jl 



y = e 



2a: 



(2 



y = cos x 



(1 



?/'-4y = 0 j 



y = Cl e 2x + c 2 2j: (3 



:aJ1J! S-UUJI oV^UJJ f Ul J>J! J^j 



=0 (6 



y 



W = l (5 



1/ 



X 



(4 



x V + W 4- 2y = (8 



x 2 i/ + 2xy = e x 



(7 



2xyj/ + y 2 — 3x 



2 



(9 



1 



:*JbJi iJbJI iJUleJl j£>J y = ^-(x 2 + x) + l o\ & (10 



x 



1 Uj^ 



2 



0 Ujop y = 1 u! 



f = l 



b> ji Ijl^j J>JI g-jU ^Jl iliJl ^1 kjfr s 



iJb- (11 



3/ 



X 



x 2 + y 



2 



( 



j/ = a: Jn x ( 
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__ .-. .■ .n r r.- _ .-. -. .■ r n v-^ ■"— - -■ -tj .■ - n i r -- r - " n - " 



i_ i.-i _T-\\n r--. r.n" l .t- ^— — — 



_._ _. rrn _ ... fc ^*„..^ x.r .nr.-,. >. T-:- ■-- n -■■r__-.- 1 n r™.«- "^—""^ 



r. - r 



Q(x,y)j/ + P(x,y) = 0 



(1) 



L* (1) &UJI it* idx J (1) ^> 

4^ 



Q(x,y)dy + P{x,y)dx = 0 



(2) 







i-ij* juu ^-L V-^ 1 ii .> Jl jW^'j (2) SJ)U - JI cH ^> 

^! <yj l^Pji JbJUJj U^Udi ibUJ! 








f{x) dx+ g{x) dy = c 



xj = F(x, y) 



f(x) dx + g{y) dy = Q 



: JL US' F(x,y) AilJJi il* ^! J^J 51* li ^l^u 6^1 

F(x,») = G(a:) ff(y) 





ytf = ;ce^ 5JbJl ibUJl J*. J^j 




y dy = x dx 



e ^y dy = x dx 




1 



2 



e 



e ^y dy— \ x dx + c 




I/ 2 -* 2 



2 



X +c 



_-:--- 



u 



r - 

.r-r> 




if = cos 2 x cosy :JJlx!l SJLslixll ibU-Jl J>- Jb-jl 




secy dy = cos 2 x dx 



J 



I 



cos y 



cos 2 x dx 
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->. cos 2 * a* u^-yd^j 




sec y dy = ^- / (1 + cos 2x)dx 




In Isec y + tan y 



If 1 . n 
^ x + ~ sin 2x | +c 



J 

\ 




:r .~t- 



w^v^Avviwmv^ivw.rrv. ^wwww>^^ -v-^ .- 1 "■- a s .--.n.-.v. r.-. i.-. .■ iawa\^a- .■ .■ 1 1 - 









P(x } y) dx + Q(x> y) dy = du 



da 
dx 



P{x lV ) 



J 



I 



du 

dii 



Q(x, y) 



oi .si 



:y ^JcJLj S^Jl V w b * j^ 13 Jj^ 1 J^^J 



J 



dx 



• - 




d 2 



a 2 



J 



%fir dxdy 



J 





— "t- 
■1 * 



■L H. L iY-Y ^— Lif 1 Yft. J . ■** * * - 1 u Vi lrr hV- 1 u urb n ^ 1 r t i i_n tti i^nrrri ■' n t n 1 1 .n 1 J . J 1 t r nr H ■ '. IJ . 



438 




(x y cos xy + sin xy)dx + (x 2 cos xy + e y )dy = 0 itaUJl J*- 



dp 



x cos xy 



x 2 y sin xy + x cos xy 



2x cos xy — x 2 y sin xy 



dQ 2 ■ 

— = 2x cos xy — yx stn xy 

ox 



du 
dx 

du 
dy 



xy cos xy + sin xy = P(x, y) 



x 2 cos xy + e y = Q(x,y) 




(i) 

six 



(2) 



SJLAi aJjUJU {yrjlj aJUUJI ikUJl at (2)j (1) ^ 



J 



:y jJcJl L~Jl ibUJl J^ISoj 



u(x, y)=x sin xy + e v + f(x) 



: jl Jl*J x jJcuJU iu-JL s jr^ 1 J^Lfcjj 



<9x 



sin xy + xy cos xy + f(x) 



sin xy + xy cos xy + f(y) = xy cos xy + sin xy 



J 



f{x) = 0 



c 



J 



:LUi3l J* f UJI J>Jl DSI 



■«>'r-7 





r 



xy 2 - 2y + Vjdx - {x 2 y + 2x)dy = 0 



Wllllllllllll'l 




2xy~2 



ap 

dx 



du 
dy 



x y 



2x 



u(x, y) 



9x 



:0t Uy 



J 



ft/ 

9x 



2x 3 - at/ 2 



2y + 3 



y ^JcOJ 1^1 S^Vi iLUJl J*l5oj 



*x 2 y 2 -2xy + f(x) 



x ^JcuU JLJL 5j*^» 5J^l~Jl J^U^j 



£y 2 -2y + /(x) 



ay 



2y + /'(x) = 2x' 



xy 



2y + 3 



f(x) = 2x 3 + 3 :ul Jb*J i^ULiJl J*ij*5i jUx^bj 



/(x) ~\x A + 3x 
jv ; 2 



^UJt J>Jt oil 




w.v.w.-.Y.v.v.v.v.-.-.v. i - ..; n .-. .v,-.-.-.-.-.-.- - 



"i" ■■■ 1 1 .■.■.■.■.".■.■.■.■■■I".".".".". .".".".■.-In".- -.".V. 1 .- 





cos(x 2 ) - 2xy + l]dx + [sin(x 2 ) - x 2 ]dy = 0 ikUjI J>- O^j 



^ 
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— = 2a; cos (a; 2 ) - 2x = o\ Uj 

. ot &UJI Oil 



\'o\ y jJcuJJ ^ = sm(i 2 ) - a; 2 Si>UJl J*l&>j 



u(x,|/) = y sin(x 2 ) - x 2 y + f(x) 



\x ^^iiJJ i-^dl S^Vl &UJI J^Ux»j 



du ^ / 2 

dx 



2xy cos(x 2 ) - 2xy + f(x) 



2xy cos(x 2 ) - 2xy + f(x) = 2xy cos(x 2 ) - 2xy + 1 

f(x) = 1 ^ 
f(x) = x ol (>*^ I A* j 




?/ = F(x, y) 



a; 




:jl US b\ ^SU. F(x, y) = 5J1JLJ 



,LJ\sh1a SJL^UJI itaUJI o\ gjz+J u = - 



:of j^j U^Vl JLULdl ibUJI ^ Jny^kj 



dy= [~ + v )dx (#) 



dy — xdv + vdx ^3 J^lb j 



x dv + v dx = ( - + ?; | da; 

a; du = ~ dx a 
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v dv 



dx 



x 



1 

2 



in x + c 



:^ L* IfuW ^ U 




Zn x -f c 



J 



1 



i 1 1 1 * ^ i 




T^lltN'W'Hi / 'WI N i 



L fa. 1 ■ 



1 * l p " "r H 




r Ui ju; ij^Mi &UJij 



■ * V +■ . 



" h : "* ■ 



* *v 



H.J 1 V. J 1 

- * ■ i - F " T ■ 
■ l " r " ■ ■■ 



j- £ - 'jj^??^;--' 1 - '::r- : H& y £$r 



rj ■ lV +■ 



"I 

_ _■ + 



r ' ■ ■ r r ' - ■ 



-T 



j i' n - - 1 ■ ^ - _ r 



,' ' h I 



■ ^ H j 



r Hi i h r" u 



n ■ ■ J h 



i Ji 'j || -h i h P ; 




- *' 'lr T 'i„ 




wmmmmimmmmmsmmmmmmm, 



h h Hr,' ,j j J ,, j J 



1 H . 1 ^, 



— L J> " 




■ h : h ■ 



7 ju* 



(3x 2 t/ + y 3 )^ + (x 3 + 3xy2) dy = 0 



1 



^^^^ o*ij,\*l.\ ^ 




P(tx, ty) = St 3 x 2 y + *y = t 3 P{x, y) 



J 



Q(tx, ty) = t*x 3 + 3t 3 xy 2 = t 3 Q{x, y) 



u^t&i &uji oil 



2 



3 f + ^)^+(l + 3fi)%-0 (*) 



:ul jl>*J (*) ibUJl ^ ^^dbj 



(3v + i?)dx + (1 + 3t; 2 )(xdt; + t*fc) = 0 

(4v + 4u 3 )dr + (1 + 3t; 2 )a;<fo = 0 



J 



dx 1 + 3t; 2 

H- — — -rcfo 

a; 4v + 4tr 



4 



j i y , y*Y 

ln\ - + -r- a? = c . 



444 



X X 6 



y 3 



X X 



C 



J 



: SLJtJI J* f UJI J^Jl it* JZ^. dUlj 



,3 



C 



l B v l VTrtVriV— ^^-Vi 1 ' r-n--,-,-,',-,--^' inYnYiY "*i •sffffffffs ■-■■Yi i i i i'i i iY jt " .Si 1 1 1 1 tl-'-rittttw* 



mVi 1 — 1 1"" : "-YmYY 




■■■j,---£-:-:-7,----v-z-------z--------^ :-: 



i - :-^-:-:-:-:-z-i>z-:-: :-:-Yi - -:-"-:-: 



v.-.-.,,,-,,,. -,,,,_,-. t ,_, tt: , ; j : i ,:::*Y-rr.:.:- 1 Y 1 Y J *rr^-Y:::->T---^ .r.-.v.M.y.r.^,,,. ^w*v^^w-lvt^ x 







h^ihVr.':-:!^. 1 . 1 " 



1 1 ii-.-.-.-.v.-i-.-.-.-i-.-.-.v. .^-.v-:-^ w-:- - 




ft* 










ft 








P(x, y)dx + Q(rr, = 0 



(1) 



.(1) ibUJJ JL.I& 



fiP(x, y)dx + fiQ(x, y)dy - 0 



.(JjVl J^JI grlj o>Jl oUxJLJl Jbtlj 



^ % dy dx dx 



: jfl U5 iiUI &UJI its jS^, 



„(^-^W^-p^ (2) 

dy dx J dx dy 



H SJIjJI Jip (2) ibUJl Jui~ £>% 



:SJli3! l Jy ^\ J\ Jj^j (2) iJiUJl uU t la5* a ^ «Jb m eJlS lil ( 



dy dx J dx 



J 



Q\dy dx) fi 



f(x)dx = ^ 



;0t ^ Sj^Vl ifcUJI J-oLSoj 




Infi = / f{x)dx 



:jl US' JulicJl J^UJI u! ^» *o IIaj 
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t 




j. zap 




y + P(x)y = q{x) 





+ 

(P(x)y - g(a;))da; + dy = 0 



p = P(x)y - g(x) 



^ 

dx J 9y w 



IK* 



J 



l(dP_9Q 
Q\dy dx 



P(x) 




8 JUc 



(xy + y - l)dx + xdy — 0 



dx dy 



i/ap ag. . 



/i = exp(J dx) = e x 



e*(xy + y - + se*<Jy = 0 

r 



•5u . 0u 




Vl i-bU-Jl JA£iij tg- = xe* j — = xye 1 + ye 1 — c 1 £>l U-jj 



u(sr, y) = xye* + f(x) 



Ux = ye 1 + xye x + f(x) = xye? + ye x -e* 



/(*) = -e {ftjc, JOaj /(as) = ~e x 
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* * L- 

7 <: 



2(2y 2 + 5xy - 2y + 4)dx + x(2x + 2y- l)dy = 0 JisUJ! J>- 



5(3 4x + 2y — 1 j = 2(4y + 5x — 2) lOl^lj 



* J dy 



^_^L 6 y + 6a;-3 = 3(2y + 2x-l) 



9y 9a; 



i zap ag\ 3 



Q\dy dxj x 



/x = exp( J" | dx) = e 3lnx = x 



(4x 3 y 2 + 10x 4 y - 4x 3 y + 4x 3 )dx + (2s 5 + 2x 4 y - x 4 )dy = 0 



dx 



Ax V + 10x 4 y - 4a: 3 ?/ + 4a: 3 ( 1 ) 



^ ~ 5 , o™4„. _4 



2x° + 2x*y - x 



J 



y ^JcJU vJL '"jr^ 1 ijjUjl u UL<: !-> 



«(x, y) = 2x 5 y + x 4 y 2 - x 4 y + /(x) (2) 
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£>t JLjJ x jJcuJJ JLJU 3U H U| J-^J 



= 10s 4 y + 4xV + ix*y + / (x) 



(3) 



/(s^Ss 3 (3) j (1) ^UJI 



f(x) = 2x A : $t 

: f Ul J^JI Jp J^J (2) &UJI ^ /(*) & o^kf 
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y 



(y-l)(y-2) 



sins cosydx + tany cosxdy = 0 



y = cos^xcosy 



(e 2x + 4)y = y 



(2 



y = c 



•a: 



4 



(6 (1 + Zn + (1 + £n y)dy = 0 



(8 



ian 2 ydy = sin^xdx 



(i 



y = xy 2 ± y 2 + xy + y (3 



(5 



(7 



xy — y = xe* (10 



y 



%-y 

x + y 



(9 



(x 2 + y^dx - xytfy = 0 (11 



(x 2 + 2xy - 4y 2 )dx - (x 2 - 8xy - 4y 2 )dy = 0 (12 

: y ^ UJI j>Jl J^jl Jul* iJbdl SJUliJl ibUJI cJlS" lil ^ 

(cos x cos y - cot x)dx — sin x y dy = 0 (13 
(2xy - tan y)dx + (x 2 - x se.(?y)dy = 0(14 



2xy cos(x 2 ) - 2xy + l]dx + [sin(x 2 ) - x 2 )dy = 0(15 
xcos(x + y) + sin(x + y))dx + xcos(x + y)dy = 0(16 
(2xy 2 + 2xye 2x + ye 2x )dx + (2x 2 y + xe 2x )dy = 0(17 

3xy(l + x 2 fdx + [(1 + x 2 f + siny\dy = 0(18 



X 



(3y + 3e x %fi)dx + xdy = 0 (19 
(siny + x 2 + 2x)dx + cosy dy = 0 (20 
(xy + ^dx + (xy - x 2 )dy = 0 (2 1 
(x + x 2 y + y 3 )dx + (y - x 3 - x 2 y)dy = 0 (22 

1 1>X* y=l 0l <£-»■ (Sxy + 2)dx + x 2 dy = 0 (23 



3/ — 7T Ujup j/ = 1 c)l wLf>» + 2y = 2xcos2x + 2sin2y (24 

0 UUp y = l £>t 3y(x 2 - l)dx + (x 3 + 8y - 3x)dy = 0 (25 



I, = 2 u! 2x[3x + y - ye' x2 )dx + [x 2 + 3y> + e~ x "\dy = 0 (26 



x = 0 Ujup 
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<±j>Ud\ J>J c5>^l (iM r . 



Pdx + Qdy = 0 (1) 

61 >V v j u ^JjJsr jijjCA {\JJ*^\ J iuL^JI j^bj 

y = tp(u, v), x = <f>{u,v) (2) 

du = Tr-tiu + -x-au j ax = — du + tt 
du du du ov 

dvj du,v,u ol^f-JcuJb dy,dx,y,x cj\ ^ j-r*^' dr^-M ^^-iJ 

:a! J^i (1) J ^ycllj 

P[(u, v) , V>(«, «)] ( ^ du + ^- dv 

+Qfa(u, v), V»(u, v)] (J^ du + ^dvj = 0 

:SJbJl Sj^l J\ iJiUJl Jj^J u! 

Pi(u,v)du^Q 1 (u,v)dv = 0 (3) 



Fx = P[Q(u, v), ^(w, v)] ~du + i/#(u, v) , v)] ^ du 
Qi = P[^(u, u) , V>(«, «)] ^ dv + ") . ^(«. «)] ^ <*« 



: L* ^ (3) f Ut J>J! jl L^i 

u(u,v) — c (4) 

. yj x iJVJb vj u ^ J j^a>Jl ^^^i (2) <JiUJl r^j 

t; = G(x,y),u = F(x,») 



£^[F(x,i/),G(x,»)] = c :0l (4) ifcUJI ^ ^^Jtj 

LUUd! f Ul J>JI JU3 Sj^Ml ifcUJIj 

Pete + Qdy = 0 



2Sj^J\ ils,Sfl ^ iL>Jl £w>>- UJ 



J 





3x 2 yeVdx + x 3 e«(y + l)dy = 0 :LU>lidi iiaUJt -i^j 




v = ye y j u = x :i u i j>j 
dv = (1 + y)e y dy j du = 3x 2 dx iJ-^Udt a-Up f-lj^J 

vdu + udv = Q ^ U^Sfl &UJI J ohy^l 0% 



du dv 



+ ^ = 0 : J, U5 1*1 Jca J^i ^ o ^Vl SJiUJtj 



lnu + lnv = c =$uv = c '. J-^>*j J*l£Jl 







(2a; - 3y)cta - 3a;% = 0 JJaUJI J>- O^jl 
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v 



x + y j u 



x 



3xy o\ ^jti 



dv = dx + dy j du = (2x - 3y)dx - 3xdy : <]J>[kS\ i±+* 



du = 0 



u = c 



:> J-^ 



:iJldl J* f U)l J»JI ^ 



Y.Y.l V'V ■ n.-ii^ .Y.- ■■ Vi V.' ^' ' YV "I'".- " ^ V. rtWf^^K 'V." ^ 



rr riJ rr^- — 'i^ri^v- ."p 



. l lv, „-.,- j r i_ ■ ■■ ■ i irr-r*-i -Y-i^i — J*J l * f -J Yi "J ■ 




f 

L 



1 



5** 



i.t j .LrurA i nAJ .-"i t. 1 . 1 — .h P" ifl-A — n ft — i 



.'jj-'.— .-..„-.^. n .. ....... ..!„ S H. .................. 



_ _ ■_■ ■ ^ l- wa-ej j .r^r ■ >* — l-rt.JiW . j-f i.umr-n'-v ■> L -* ■ — ^ r'^ p" 



WWW = , 



* I • i - : - ... % : 



13 



^ 'iiVV. J-i irrV -bp-iiiSili ^-i -. ■ V 



.V.- 1 - -Ti YiAVrA h - -J 1 L J - ■ ■ pi 



r-.J- 



1 ^ 



(1 + 3x sin - x 2 cos y dy = 0 : U^UJi SJiUJl J>- 



= cos y dy t j*~ t ai> u = sin y ^ jA> 
(1 + 3xu)dx - x 2 du = 0 ilaUJi ^ ^^JLj 



:SJl=J» Sj^l Jp cf+i ^ 14 J ^ ^ UJ( 
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du 3 



1 



dx x 



u 



X 



2 



( 



* 



(LLO J^IjaJ! ^-Ij) JjSlI V^ 1 o^J 



/i = exp( — J— dx^ = x 3 



x 



X 



3 -Sx 4 u = x 5 



dx 



d(x"~ 3 u) 



(x^u) 



X 



1 

4 



x + c 




: j>l US' f Uil J>JI c-^e ol 



. ^ Pj . . .... . j .'j- . ^ .. . r . r.. ■■ -j- ■ ■ ■. a h ■ w w "r r h 



^ A . a Lyi u .-jjurr . '.-.'.n i r i H. J V.'.' -i a r .tt -n h — i 



.>j_. W^A^A* ■■ A A- J -.^-..^l^. 




£ R III- 



■a 



1 1 j c ■> 



t/ + P(x)y = Q(z)?/ 1 



( 



iijju &uji oi ^JcuJi j-** jsUi 



n 



i oils' is 



9- 



n 



: US" 1^15 ^ (1) &UJ 



■n 



y -dy + Py 



l-n 



dx = Qdx 



(2 



^^aj^dl ^Jukl^J Oil 



^ = y 



l-n 
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dz=(l- n)y n dy lf*j 



:jl Jb>J (2) ikUjI J ^y^lj 

dz + (1 — n)Pzdx — (1 — n)Qdx 

(J^kJl A>JI iU^I JL^LiJl Sj^J! ^ iJa^ SJaU^ 




siny (a: + sin y)dx + 2:r 2 cos y dy = 0 : iJliJl SJ^U-Jl J>- Jb>- j( 




du = cos y dy L^a j w = sin y l)\ ^ 

u{x + u)dx + 2x 2 du = 0 ( 1 ) 



du 1 u 2 

u=5 __ (2) 




dx 2x 2x 2 



dz= —u~ 2 du j ir^u"" 1 ^ajjxJl j^Jj^x^I 

:Ot 0>J (2) JlfcUJl ^ j^Jljj 



J 



I 



dx 2x 2x 2 



1 



yfx 



: JUlScll A.UJI ^ (3) &UJI 

«4 4» ** 



1 d# 1 _i 1 _§ 

y/xdx 2 2 



d^r izj = \ x ^ J 



3JUI iS^UJl > J^>J ji^l J*lSoj 



_1 1 -2 

£ i2= — a; 1 + c 

3 



2= —I^r 1 + cV5 



J 



t£ = siny j z — u 1 s ^Jj 



1 1 /- 

+ — = c y# 



Z = — — : j^valt I^J ix siny J> Sjjrf-^l JbUJi ^j^jj 

3x + sin y = cxy^ sin y 
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.". r.'.-.'.T.WT.T-w.w.w.w.^T.T.".". - . L . J .\".".".".". \— J .".".\" L "-"— ■"■ 






6y 2 da: - x(2a; 3 + y)dy = 0 



(i) 



: Ju US' JLUUeJl SJ^UJi it* 



6i/ 2 ^ - 2.r ' - :ry -- 0 



1 1 4 / n \ 



% 6y 3t/ : 



dz = — 3x~ 4 dx l^laj z = x~ 3 

:(2) ^ 

dz +—zdy = — j "V 



2y y 



dz 1 1 
+ — z 



# 2y y 



2 



(3) 



Sj^l JLP JUISCJ! j-oUJI ^J^JJ JL-Ull J* ^ iU -* L5*J 
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[M = exp(f 



1 



2y 




^IScll J-.U1I ^ (3) &UJ 



^dz 1 



y 2 



2 



VV = 2y 5 + c 



3 . 



y — 2x 3 = cx^yfy 



, ,-ttt, i]rTTT — . '.'.n ^. L .'.- h ' '.' ■> - u i .n L- r r H ^ -^> ■- V* ............. H.-S—rr, .— W,^.- W -■- ^'"'^ ■ WjJJAr . . '.'.t.'. 



n— .■ ■i i ± - .v:-l 



■-■■■■-ri lAw -^r 



^1 j 



J 










f.r^.-i:.-.-.-J:i : : r .-.- A '.-:- A Y. 
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y' = y — x$e~ 2x (1 



(3tan x - 2cos y)se<?x dx + tan x siny dy = 0 (2 

(3sin y - 5x)c£x + 2x 2 coi y dy = 0 (3 
cos ?/ sin2x + (cos 2 y - cos 2 x)dy — 0 (4 

y = 1 + 6xe x ~y (5 



(2x sin xy + x 2 y cos xy)dx + x 3 cos xy dy = 0 (6 
(2xV + 3xV " l)dx + (2x 4 y + xY - 1)% = 0 (7 
(1 + 3x + 3y - x 2 + 2xy - y^dx + (1 - 3x - 3y + x 2 - 2xy + y 2 )dy = 0 (8 

(3xe 3x sm2y + e >z sin2y)dx + {2xe 3x cos2y + 2y)dy = 0 (9 

y*se<?xdx - (1 - 2y 2 tanx)dy = 0(10 
y = tan y cot x — sec y cos x (1 1 

x 4 - 4xV - 1/ 4 )** + 4x 3 ydy = 0(12 
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.-.t.-.-. -.-.-j i -j -.-.-i -. n - -.-.- .n i -.■ r ... __ 1 ■■— - —s-r .- I-- ■■■■ -■■ - -■ — J-s—s^-r. - - r .-. ■. r. .n ■ _■. _ _r_-.- 1 _ _-_-.t. _ .n 





j--:* - ■■■■■.■: j J ■■■■■ .-j-.-.-.-. .-. 



T^.■^^^^v^^-•^■.^|■|■. J -^:■:^- t : J _v l ■■ J -^L A •- T _ | . | 



.4 j 
■u 1 



.■.■.■.iLw 




* ^ 



*^fl«fcti*i. 



7 i *J 



■.-.■. : .J.T.T_^_T 




(1) 




t 




j an(x)...ai(a:),oo(x) JljjJl U» 



j^pj iJa^ ^yu- Jj LJUwoj 5Ja>- Oji^ (1) aLU-JI uli tr(x)=0 cJLS 

;d)^ cLJUiiJi iJu^UJi SJ^UJl jlii>o y 2 j yi 61^ l^i 



y = ciyi +c 2 y 2 






^jL-J V Cn...,C 2 ,Ci O-jl y OJj^j tilj cSLk«^ Jlji / n ...,/i ol ^^iJ 

I U 1 jk*&} 



Clfl{x) + ... + Cnf n (x) =0 



= ... = c„ = 0 ^Jc3 5S">Uil cJU !il Lk>- *\'c,„* D j5i JljjJi 



ci = c 2 



tji^l Jlp (n-1) lJj\ J\ J^lidi iLU 1LUI JljjJi d\ 




w 



e 



e 



2a: 



e 



3z 



2e 2a; 
e* 4e 2x 



3a: 



3e 



e 



0 

0 3e 



e 2x e 3x 
e 2 * 2e 3 * 



2a: 



8e 



3a: 



e 2 * 2e 31 



3e 



2x 



8e 



3a; 



e I (8e 5:c 



6e 5x ) 



2e fo 0 



Lk^- JtjJdl Oil 









:LUUx5l fUJl J»JI 



)yW + ai(a;)!/ n ~ 1) + ■•• + On-i^W + a "^^ 



0 
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y = cm + C 2 y 2 + - + CnVn 



•Ji us 





.(1) &UJU 



J. 



^. jT*, ^ 



#1 ^ f pi i 



LJl>*iJl ^ iJL^UJl XbUdJ (particular) Ul> ?/ p jlS" IS! 

ao(x)y (n) + ai(x)^ 1 ) + ... + a n ^(x)y + On(x)y = R(x) 

i-JUxJI iJULdl iJ$UJj y c Otf ISjj 



y = y c + y P 



- 5 



% i s'HiLTCXllim IjW^I. atoms 



« | i. 



r v 1« 



dz 2 



dx 



\S lit 



^ 'I 



■■■ — ■■ — -. - -■>- 




J 



A = a 0 D n + aiD n_1 + ... + a n ^D + a n 



# 0 
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V'-' 



(A + B) + CW + (B + C) 



(2 



B + A 



(1 



A(B + C) = AB + AC 



(4 



(AB)C = A(BC) 



(3 



AB 



W (5 



t. L — r.\n J .\\\ - t. L r.w \\w "J r .T. V - L"\n\\T" t.t-. n r n r^^Or-rXJ." \n it .".^r. r rT^/^nTi" .t r-.\\\\\\ - n r^Ki L . -"i .\w n i \- \t- \ » n .^.t \t. r. L . .n\w \ i i rvn—w \\w .t t. .t. \\n w \n .t r." \\ — .t.t. l j \ .t t r." .t. j w ".".".n r.T.T \ it- i .^.t.t. \t .w r.T i i i 1 -\ \ — .n t-t — _r."-n n rr.T ;^.t- .\n rr.n r r "--.Y.".\" B -\" ".".w^y t.t. r — y r ^ n - r " n .■ ./-.r r "|--"- r. j P - ■"■>.■ " - ..>"— S'.n J . — .\\ r .■ ■ . . 



■■■ \ -.".".".".n it.t.t.t r.w.". n t.t- .".t.t.t.t-. .■ _r n .t.t \ .n .■ "Hi"" T r .■ i n 



C- 1 



^ ■" r "■ 



3 



.- t - n - - 



.n .-.■.■.■.■.■.■.T-.H _-.t^.-.-_ .■.■.■.■.T-.-.-.-.-.---.-.-.-.-.n ^.n ■ — | ^ _waw_- _ /^^wvAVfl ^wawa /ftTrtyA. jav _■ ■_: h. T.-. - r..i ■.■ t aw y vfr K X ^Ha X*V .v. XX 'itLT"! a .rr - .n" .-. I .-.■.■-r.T-.-.- aaviV Tj.V.v. In - .-.- ■.■.■.>.■■.■.■.■.■.■.■.■.-.■■.■.■.-.▼.■.■.■.■.■.■.!-.■.■.■. ■. rr.n r.-.-.-.- r.T ■.::t.^ .:-r .■ ■■■ .n ■._ r. -.n 



5 - 




^ ^ ^ 0 0 



J D fc e TOI = m k e mx 




i jJbJ 



/(£>) = a 0 D n + aiD"- 1 + ... + On^D + a„ 



/(D)e mi = a 0 m n e ma: 



+ oim"-^* + ... + a n -ime mx + One" 11 



e mx (dQm n + aim" 1 + ... + a n -i"^ + a„) 



e mx f{m) 
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ye- D - a Jyi\ jb 




(D - a)(yeW) = D(ye' a ) - aye 0 * 



JOX 



€T"Dy + aye™" — aye 



ax 



e ax Dy 



(D-af(ye ax ) = e ax D 2 y 



ax ri2 



(D - af{ye ax ) = e ax D n y 



:0U ojJbJI S^-bo oU JULell jijJl oJlS" ISIj 



. .-. - — js-fj- 



.as 




r^iVTTJAJ — 1 

.'.'.'.■J-.!. — S^i 




\ } e 



Jl JL^UJ! J^UJI jL, ^ ^Vl JH U iiUl y^Ulj 






D! B = 2D-1 j A = D + 1 b\ 



AB — BA 




4* 

:0l i>J y aJIjJI A 



(AB)(y) = (D + 1)(2D - l)(y) 



(D + D^-y 

dx 2 dx dx 
dx 1 dx 



(B A)(y) = (2D - 1)(D + l)(y) 

(2 D-l)(0 + „ 

dx 2 dx dx 



2^ + ^-y 

dx 2 dx 



(i) 



(2) 



AB = BA b\ g£x~J (2)j (1) y 






4 



jfe = 0,l,...(n-l) (D-m) n (a; fc e mI ) = 0 it ^ 




y = x k j f(D) = (D — m) n 

(D - m) n (x i c nue ) = e^IPx* j£J j 
Z> n x* = 0 Oil tfc<n u! Ujj 



(D - m) B (a; fc c m *) = 0 li* j 
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4 JUL* 

(D - 2) 3 y = 0 : 5JfcJ.I JLUUdl J» J^jl 



e 2x (D _ 2 )3 y = j^f 



0 :D 




-2i 




<Jl=* ol r J*l&JI JJLp d^jj 



D{e^y) = c 3 x + C2 



e**y = | c 3 x 2 + ax + ci 








1 





e? , cosx ^ sinx ( 



n> 1 Ot 



* 2 ~n-l ( 



(xl> - l)(xD + 2) 



(£>-x)(Z> + x) ( 



^-Vl JjJUJ 4*> iJkJl oViUJl Ja* 0>-j 



(1 



: ^rt u a^jt (2 



(3 



(D + 7) 6 y = 0 U 



(2D - l) 2 y = 0 (cj 



(D» + l) 2 y = 0 ( 




S^.- -J 














ft 



.-. --w 






0 



j 1 




aoy (n) + aiy (n "~ 1} + - + dn-iV + a »1/ 



0 



(1) 



f(D)y = 0 



(2 



I 



cji5 lib yy m d] 



/(D)e raa! 



0 



(2) &UJi > f-" 11 ^ ^ ^ 



/(m) = 0 



^ w > r^ 1 ^ ^ 
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«• » * 




mi,m2,m3, ...,mn 






jjJbfJl .1* JS cJtf lib 




1 JLio 

:iJldl 5JUUJI &UJJ r UJl J*J1 Jb--j! 



j/4) _ 2y (3) - 13y 4- 38y - 24y = 0 



(D 4 - 2D 3 - 13D 2 + 38£> - 24)y = 0 

: J> US' i>JI ifcUJI 



m 4 — 2m 3 



13m 2 + 38m - 24 = 0 



(1) 



m = 1 jlJ&Jl ik 1 **^ JJ^ * y-^J 

&UJI Jk^ m = 1 it Jb»J ifcUJl ^ ^^cJUj 

- 13m 2 + 38m - 24 J m- 1 Ot t|t 



m 4 - 2m 3 



7 



2m 3 - 13m 2 + 38m - 24 



m — 1 



3 - 2 - 14m + 24 



m — m 



m 



3 



IIIMII 1 1 1 1 1 ■ 



m 



3 



13m 2 



m 3 +m 2 



14m 2 + 38m 
14m 2 + 14m 



24m - 24 
24m + 24 



:Ji US (1) ifcUJI hbS jSUjj 



(m - l)(m 3 - m 2 - 14m - 24 



0 



2 Ot 




0*J 



:0l c^T 



rrr - m 



14m 



24 J J«Ip m-2 



2 



14m + 24 



rn 



2 



m-2 



m 2 + m~ 12 



<3 jJawsJ! iwiJl ^^^j 




14m 



m 



12m + 24 
12m + 24 
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: SJbSf ij^aJI J* Sjj*J! &UJI it* ^ 



(m - l)(m - 2)(m 2 + m - 12) = 0 



: JL US" ^ iiUI &UJ 



(m - l)(m - 2)(m - 3)(m + 4) = 0 



1,2,3,-4 



:^ US' r UJI JJI 




.J I ■+L ! 'H, 






it*- 



,■ 1 1 



h H j 



J?-'. 



V H , J ,, '. , 



TOT 





2 JLAo 



(£>2 - 2D - 3)y = 0 "M &UJJ ^UJl J*J| Jl^-jt 



x SB 0 UjLp y = -4j y = 0 Ol 



m 



2 - 2m - 3 = 0 
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J 



(m-3)(m + l) = 0 



m = 3,-1 




: ot j>«; x = o Ujup j 



0 = Ci + C2 



(1) 



■ 



y = 3cie 



3c 



P2C 



-X 



: J*a**J x = 0 j y =-4 UXpj 



4 = 3ci — C2 



(2) 



C2 



Cl (1) JifeUJI ^ 



(2) ^ ^^dUj 



4 = 3ci + ci 



°2 = 1 J c i 



1 




& II* 



J 










of J\ tij/i. Sj-wJl &UJI jji^r cJl£ iil 



m\ = mi = ■■■m n 



b 



: Ju ^ /(D) Jj,\*l\J}J\ 



D-b) 



n 



(/; - 6) n y = 0 



■---■^ .■ 



_■. .-. .-. .-. .■ j j ■. . L "- ■■■ ■■■ ■■ i- ■■ ■■■■■ l- 



J. "J -L-- ■■■■ J - " 



ft**' 




m 5 — m 3 = 0 



3 < 



m 3 (m 



2 



1)=0 



m 



ij, US f UJi J>Ji hte jSUi \K*j 



j _. K j. j...-^;^ j. .t.^.^.h ^...-t.t.t. ......... .. n ...... -t.l.l..^-. J...L L....J ^. ..... ................. r . T . T .,_.................K-.-r-r.^.- ^ ..... -A- " . j -j^x -.—tt.t.t-.. J.. .... l..... n ..l. t . .— S 



A" 1 * 



-A .ni _t. Am 




7" 



■n .". r i -n .t. l r 1 "." .".^u" .■ 1 t r ^ ■■■ 1 



a: 






(D 3 + 2D 2 )y = 0 &UJU ^UJI J>JI JL^jl 



0 IoXp y" = 12 j y = 0 j y 



3 dt 




(I 



US' tw-iSi Bj^^Jl itaUJl 



m 3 + 2m 2 



0 



m 2 (m + 2) = 0 



2 J Ofj* 



m 



J 



1 



0 0l 



: JL US' f U I >JI ^ liSUj 

4* I 



i— t ■. r A i -. 4J. ■ ■ r l ■ mj A rj-jt iAt-^\wAA\"a\— n r.i v~- i'-' ■ >-*■ .- jji u- mi^A - -i. 1 -. lW. r-.-.n '.Tir t* .■ .^r Av i ■ 



ci + c 3 



(1) 



y = C2 - 2cae 



2a 



c 2 _ 3c 3 = 0 



(2) 



4c^e 



2x 
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:j! ji>j iiUI &UJ1 J a^iyclkj v" = 12 ta; = 0 



12 = 4c 3 



C3 = 3 



Ol Ju>*J (1) i_bU_«J! tC2 = 2c 3 = 6 (2) U>U_JI 



Ci 



6 b\ g\ c\ 



3-c 3 



:SJbJI Sj^oJI Jip ^UJl J*JI ^ lisUj 



llv.v.w i_\w.w w LVjr. , .,;. , . , t , .-. , ,. , . , ,. , . , _ "j-.w\ i w_— .ww.— .wn — 




—2ar 













j^>Jl £J jS f I ^iLJl j^i tLi-ji^- Sj-^-Ji 3JiU-<Jl J^lj^ cJli" li| 

ejj^ ^jJlp Jlj?-jJ jjju>*Ji ejus jli t L*5 jj> jjJl>~ LjJ 0l£ IS1 j-*J 



ObJup 



mi = a -} 

/(m) = 0 



Uil ^« 



0 i^-Jl ii^U-Jl uU5>u uLSJp- 



mo = a — ib 



.Ul>! /(m) = 0 !j-*Jl J5>«j 



:<JkJ! Sj^i f(D)y = 0 f y J>JI J^t JjNl iiUl 



1/ = cie 



+ c 2 e 



(a— »6)a; 



c x e a:c (co5fca: + isinbx) 4- C2e GiC (eosta; — isinbx) 



y = (ci + C2)e a:r cosfcx + i(ci - C2)e ax sinbx 



i{c\-c 2 ) j C! = ci + c 2 01 oVlj 
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:3Jb)l Sj^JI JLp fUJI J>JI 1J ^*J 



■■ J-J >:- - - - - -J .r-^- - - - J^^S 




J" =X ±4 / 



^.■.....j-j-^l-.^^j . ■ xj^-l- -ii.MMVr-1- r- .vL'.'.'.'.'.i -!-. .". J.'.'.'r* L .' LuUuii^iiu 1 ^!!!!— iium'uiHiiJJj-i .'^H.S--| ■■■■■ ■■ ■■ ■ .— . .J..............-H K I^xj.'i!.- lh-^^j ^xj^j-^'j-u lvJi'.'^J u . J................. -fr ^J. L 



,u_: -J 






(D 2 - AD + 7)y = 0 :iJU3l &UJI Jb-jl 




■Ji U5 




m 2 - 4m + 7 = 0 



m 



4 ± V16 - 28 



2 



2±sM 



;J. Lf f UI J>JI ^ liS^j 




7 






(D 6 + 9£> 4 + 24D 2 + 16)y =. 0 



(1) 




m 6 + 9m 4 + 24m 2 + 16 = 0 : Jb US' ^SJ Sj^l &UJI 



f 
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m 



.<tl»U> UJb- jj± J^jJ 



V 4St 



6l JLjJ (1) JU^LwJI ^ u A 4 ^dL, 



m 




Ijlj 



Of J* IJUj tUul (1) UiU-Jl JjUJ m = -i dJIi" (1) JLLU-J 

.Sjj^Jl ^ ^.Ml o>U J-.U m 2 + l 



m 6 + 9m 4 + 24m 2 + 16 lm 2 + 1 



m 4 + 8m 2 + 16 



6 



4 



8m 4 + 24m 2 
8m 4 + 8m 2 



16m 2 + 16 
16m 2 + 16 



\^ L£ (1) &UJI it* jC* dJiy 



(m 4 + 8m 2 + 16)(m 2 + 1) = 0 



(m 2 + 4)*(m 2 + 1) = 0 



6lJ/« m = ±2t, m = ±i ^» &U*Jl 

:^ US' f UJI JJI Jul* ^ 



mmmm^mfmmmsmmxwm. 
isxmmmmMmmmmimmmm 





* 






rM &ujj f wi j>Ji ^ 




* + 5D 5 + 2D 4 - 16D 3 - 17D 2 - 21D - 18)» = 0 




6 + 5m 5 + 2m 4 - 16m 3 - 17m 2 - 21m - 18 = 0 !j-*Jl &UJ 

: U US l&te iiUI osrf ^ ^ 

(m + l)(m + 3)(m - 2)(m + 3)(m 2 + 1) = 0 

:aJUI Sj^JI > f UJI >J1 Sjl* ^ 



. _. _ _ ~™ . - -- - — — 

• "—■ 



_■. t-.:::::::::: i -.t.V" ■■■■■ ■■ 



-T.".".".".".".". — . — — 



— a- i ^.^ r p' C*er'" -*r ^ tAi^btw 



— . - -- ■ — 



„„-.. — -- " " 



^.U. L.'.l'j I 1 .T. 1 . 



-: ■.■ . r t - - - ■■■■■■ i - rT 






/> 



:iJUI oVjUJJ f Uil J>Jt ^-ji 

(4D 3 - 3£> + 1)?/ = 0 (2 (£> 2 + 1> - 6)?/ = 0 (1 

24D 3 + 35 D 2 + 6D - 9)y = 0 (4 (4D 3 - 21D - W)y = 0 (3 
.-2D 5 -2D 2 -3/;-2) 3/ = 0 (6 (D 5 + D 4 - 6D 3 )y = 0 (5 

(2D 3 - D 2 - 36D - 18)t/ = 0 (7 
(D 5 + D 4 - 7D 3 - HD 2 - 8D - 12)y = 0 (8 

.5JU- J dbW 
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r 



ft 



4 a 



^JUiJl ^ JJUleJI &UJJ ^UJ1 J>JI U5 

(a 0 D n + aiD"- 1 + ... + a„)y = R(x) (1 ) 



:Jb US' <wj£> 



y = Vc + y P 



.(1) iliUJU ^y- y pJ (1) AiiUUJ 

^Uu ao,^,...,^ 6! d~=- (1) LJUliJi ibUJl J>J J J* 



^uji tgju- ^ji oidi J^ij*ii oii ljUwJi aJL^UxJi ikuji jl>-j 



1/ = ci + c 2 x + c 3 e 4:c 



m 



rn 



4 Sjj^Jl jJbr o>b c 3 e 4 * J^Ji ( 



: aJIjUJ s^bluJl 2>Ji ibUJI ui Jjill ^^k-J 



y = ci + c 2 x + c 3 e 4x 



: JL US yo$J 



m 2 (rn — 4) = 0 



:5^1s»LJl LL^Lidl itaUJl u! i >**^ lJUfcj 



£> 2 (l?-4)y = 0 



y = 2e x sin3x 




m = l±3i L^jjJl>- itaU* l^J Oj$o i^ikJl itaUJi 



(m - 1)' + 9 J^UI U* >b m = 1 ± 3i Olji*Jl j 



(m-l) 2 + 9 = 0 



m 



2m + 10 = 0 



J 
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: Jb US' S^lkJI LJUiJI LUUJI &UJI it 



I? 2 - 2D + 10)y = 0 






y = 2coshx - hsinhx *3UJl jdl iJULcJl SJaUJl 



: Jb LS (^UJI J»JI) iiUl iJUJl it* J^L 



+ e' 



y = c\ 



x e x — e x 



2 



C2 



2 



■X 



: J, US' ijy^Jl ibUJl 

(m + l)(m- 1) = 0 



(D 



2 



l)y = 0 









f(D)y = R(x) (1) 



ra = mi, ?Ti2, ...,m n 



(2) 



: JL US ^ (1) ibUJJ r UII >Jij 



y = y c + y P 

^UJ! J^Jl y pJ f(D)y = Q UJUjuJI S-bU-JU Sb- b^jy c o\ S~>- 

.(1) <3^UJ] (particular) 

5 (D) J? = 0 (3 ) 

:(3) S>UI S>wJl SbUJl jjlr ol 



m 1 = m\,m\,...,ml (4) 



ijUUdl &l*JJ ij^Jl ibUJi jjJU- 
g(D)f(D)y = 0 (5) 



.(4) J m' j (2) ^» m *J ^ 

iJibuJ! y c Ol y c JU J^JL, (5) ibU*U fUl J>JI lli^j 

:SJli!l J* f(D)y = 0 SJULcll 



y = Vc + y q 



(5) ibLJI J2»u (1) i^UJd ^! Six 

/(£)(& + = ^ 

/(£>)& = 0 iSf = R(x) uU 



484 



ji*J ^Jl y q J* A^J (5) UaUJLI f bJ! JUJI ^ y c ^J*A, LK*j 

^ ^1 ^isi AJiJuJl J*!^*J! JbO>Jj <.y q = y P b\ d~>- UojJ^J jl UaUJ 

JkJl JUJI 





:'<JU\ i-ULsdl ibUJJ r Ul J*JI -b-j 



(D 2 + 4)y = 4sin 2 x 




(D 2 + 4)y = 2 - 2cos2x (*) 



c 



m 1 = 0, ±2t j m = ±2i l^j 



y p = A + Bar cos 2x + Ex sin 2x j 
= A + x(B cos2x + E sinlx) 

.E t B,A ^JuJi pjtfl *1>J u^i v^ikJlj 

:u! ^ (*) <5^UJ1 js*u Of U;j 



y p = B cos 2x + E sin 2x + x(-2B sin 2x + 2E cos 2x), 
y" p = -2B sin 2x + 2E cos 2x - 2B sin 2x + 2E cos 2x 

+x(-4B cos 2x - AE sin 2x) 



jl>j l ii lLuS\ J*l j*JI jUatlj (*) <y y" p j y P o* u^ir^k 



4.E cos 2x - 4B sin 2x + 4 A = 2- 2cos 2x 



E 



1 



I j B = 0 j A = - j^ta \1aj 



: 5JUI Sj^J! J* f UJI J~JI ^ 



6^ 



r 



■J 



-I-^l'.'.'.'.'Jr 



1 Cfc \ * 



y 



y ' = u~ x + 3e 2x :iJbJt U^UJI iaUJJ ^UJI J^Jl Jbrj! 



x = 0 UXp y" 



2 j y 



l,y = 0 01 vi~ 



y P 



y 



m 



1 = -1,2, m = 0,1, -1 



ois (y=-i) >M at ^ 



y c = ci + c 2 e :c + c 3 e 1 



Axe- 1 + Be 21 



Ae- X - Axe~ x + 2Be 2x Six 



y " p = -Aer x - Ae~ x + /be"* + 4 Bc?> 
y" p = 2Ae x + Ae~ x - Axe' 1 + SBe 2x 



3Ae~ x - Axe- X + We 2x 



'.J 
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2Ae' x + QBe 



2x 



4e~ x + 3e 



2a; 



1 

2 



j A = 2 ^wiXj I jlAj 



iUtd 



Sj^s^il JlP fUJl J»Jl v^&i LKaj 




w. Z .y.:::^- m .::- ^-^^y^r-f— ^ri«tXC4V 
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v 



c 2 e x + c 3 e 



■a; 



2e 



2e~ x + 2xe' x + 2e 2x 



:u1 a>j slLucJI J*jysJ 



j 



ci + c 2 + c 3 + 1 = 0 



c 2 - c 3 + 3 



1 



c 2 + c 3 - 2 = 2 



"11 1 " 








r-i/2i 


0 1 -1 




C2 






0 1 1 

m « 








4 
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1 


1 


0 


1 


0 


0 



1 



1 



2 









[-1/21 








-4 


_. 






8 

H 4W 



c 3 = 4 l^uj 2c 3 



J 



C2 



0 L^Uj C2 ~ C3 



4 



J 



ci 



1 



2 



4 



4,5 Uaj ci + c 2 + c 3 



1 < 



2 



:SJbJI s^Ji ^UJI J>JI ib* 0^*4 ^'J 



V -r7-"---:--^-L-— T - 



.-. _-.v--.-rfj_-.-A .yv.v.v. l ^-.-.-.-.-.-j.-.-.-.-.-j >■_ ".-.-.j l- 



1 



_. : ^ivy_.'.v_- 



L .^>l 



r 

c-.T.-. | ^.r-:-_r- 




■ 9* 












ft* 







1 



■4* 






' 5 ■ .' 







^^^^^ 



,h,;vm-.-:--^w_-__:--^----m..^ 



>7_w.ss7^\HT^r^.>:T.vVir^^ 








y 



Jljjdl l4i3»j _jdl J-UUJ! oVaUJI o^jl 

y — 2e x cos3x (1 



2/ 



xsin2x 


(2 


Asinhx 


(4 


= sinPx 


(6 



y = Asinhx (4 y = xe~ x sin2x + 3e ^co^x (3 



y = x 2 — x + e x (x + cosx) (5 



liJbJS o^UJd fUJl J>JI Jbrj! 

y" - y ~ 2y = 6x + 6e~* (8 y - 3y - 4y - 5e 4 * (7 
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(D 3 + D 2 - 4D - 4)y = 8 + 8x + 6e' x (1 0 (D 2 + l)y = 12eos 2 a: (9 
a: = 1 Ujip y = -1 j x = 0 U*Up y = -3 of <L~>- y + 2y + y — x (11 



x 



0 Uoip y = 0 j y = 4 ul ^ (D 2 + 4£> + 5)y = 10e" 3x (12 



0 Uo^ y = 8 j y = 0 ul d~>- y" + 2y + 5y = 8e" x (13 
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4 











j j .ir. l.i iLnr^iLrnnWuTA i".\t. r. iKn .". 
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J J. r. ^liLLJ J J J. J J 1L ■ JJJI L J. LiL U JJJ -L J L~. J 



bed! -jA i^jut 



Ujp oli JLJUx-. &UJ ^Vl 




Jlj^-I **> ^jt fJJL-J 









jyJU 



y" + Py +qy = R 



(1) 



y" +Py +qy = 0 



y = y\v 



(2) 
(3) 



^tt jJca v Csl (1) ibUuJl (52>o 

:d! Ji>^ (3) ibUJI 



// tt t t if tt 

y =y lV +y x v + y x V + y t V 
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:iJlxJl l Jy ^\ J* J^J (1) &UJI J ^ydlj 

yiv" + 2y\v + y[v + P{y\v + y\v) + qyiv = R(x) 

yi v" + 2{y' 1 + Py^v + + Py\ + ^i)v = (4) 

4jU>S;i ^jUJI Ji>o yi bH y[ + B/'j + qyi = 0 j&j 

:«Jldl J\ Jj^I (4) ibUJl 

yi v" + 2(y 1 + Py^v = R (5) 



: Ju US' (5) &UJI ibJ ^ dJUJuj 

*tt 





(D 2 + l)y = cscx Jb-j 




J3 2 + l)y = 0 



1/ = c\cosx + C2sinx : ^Ju U5" <w-i5o 



liSUj y = vcosx jl tjpy&j cosx jt sinx 0*^' jUo^-l ^kuJj 



y = — i; sina: + vcosx 



y = _ v cos # _ vsinx — v'sinx 4- vcosx 



v cosx — 2vsinx + vcos x + v cos x ~ cscx 



J 



vcosx - 2vsinx = cscx 



v* - 2v'tan x = cscx sec x 



w — (2fan x)w = esc x sec x dilijj 

4 



2 J* ton x dx 



COS 2 X 



cos 2 w — 2sin x cos x w — cot x 



J 



1 



d(cos 2 xw) =cot x 
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cos*xw 




cot xdx 



In 



sin x 



w = sec 2 x ln\sinx 



w 



J 



V 




wdx 




sec 2 x In sin x\dx 



v 




In 



stn x 



d tanx 



tanx In 



smx 




(tanx) 



1 



smx 



(cosx) )dx 



tanx In 



smx 



x 



:jl US iJUVl &UJU ^UJI J>Ji KKaj 



y = y x v 



cos x(tanx In 



smx 



x) 



sinx In 



smx 



X cosx 



:SJUI Sj^l Je fUJl J>JI ^ U^l> 
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m n .'il rj'.-j .- 
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{D 2 + l)y = cs(?x SJtdl ibUJl J» 0*-jl 



jjLJl JliJl ja 



y c = cicosx + oisinx 



y = vsmx 

y = uco5x + v'sinx 



y" = —vsinx + vcosx + t?cosx + v sinx 
= —vsinx + 2vcosx + v sinx 



sinxv + 2co$xv — cs(?x 



sin x w + 2cosxw = csc z x 



to + 2cotxw = csc^x ( ) 

U.I&J! 

2 f cot x d& „„\„2™, 



:SJhil ii}UI Jlp Jv^J JL.I&JI J*Uli J <*) 

sin 2 xw + 2 cos x sin x w = csc 2 x 



: Jb U5 l^b* ^ SLU! 



d(sin 2 xw) = csc 2 x 
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sm 2 xw = I csc 2 xdx 



cotx 



:0t t$! 



to = — cs 



(?xcotx 



v =w = —csc 2 xcotx 



J 



v= I wdx = — I csc 2 xcotxdx 




J cscx dcsc x 

1 2 
-CSC £ 

2 



:Ji US' aJL^M ^UJI J>Ji 



y = ^- (csc 2 x) (sinx) 



1 

-cscx 
2 



:iJtdl Sj^Jl J* ^Ul J>JI ^ 



l L".™ s Lt- "j \ n - j \ v\ \ s ".n j -v -\ \ w \ .". l.-i \\ "j L" i \ v. n "J .■ - i ■■■■■ \ - 1 \ \ i .". .■ .". .■ p 

] 



mr" 1 - 



J ' ^ J k ' -r-:^ Si J A ^ ? .-.V_r.n:. T . T _-. .-.-j l^h ? 5 > 



? . ^ A 1 * _ ! Ill . i T 

■3 





y" + P(x)y + ?(x)y = R(x) (1) 

£bUl SLUUJ LJU^JI LUUdl fUJl J*JI b\ ^ ytj 



y = Ciyi + C 2 V2 



: JL US' (1) ibUJU ^UJI J>Ji ^yJ d% 



y = A(x)i/i + B(x)y 2 



il'(x)yi + B'(x)y 2 + A{x)y' 1 + 5(rc)y' 2 (2) 



01 DVlj 

A' (3)2/1 + B'(x)y2 = 0 (3) 



:6I 0>J (2) ,yj 

y" = A{x)y\ + B(x)y" 2 + A' (x)y[ + B\x)y 2 (4) 

: jl Ju*J (1) ^ y" j y if- o^y^kj 

A{x)y\ + B(x)y 2 + A\x)y\ + B\x)y 2 + P(x) * A(x)y[ + B(x)%) 

+q(x){A(x)th + B(x)y 2 ) = R{x) 



A{y\ + Py\ + m) + B(yl + Py 2 + y 2 ) + A % + B'y' 2 = R{x) j ' 

ifcUJl (1) ibUUJ s>LJI J-JUsJ! ikUJl OUu^. y 2 j ift u^j 

A'y'x + B'y' 2 = R(x) (5) 

!j A aUol ^ IISCa j B' j A* J* J^>J (5)j (3) ^U^JI J>~j 

.B'j A' 



(D 2 - 3D + 2)y = sin{e- x ) J*- J^-j 
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m 



3m + 2 = 0 



(ro-l)(m-2) = 0 



J 



m 



2 j m = 1 IfLoj 



■■ ■■ ■■■■■■ — 



J 



sjlAi ^uji j^ji of 



2x 



:0l (5)j (3) ^UJ! ^ ^j*x% 



^'e x + #e 2x = 0 



(1) 



A e x + 2B' e 2x = sin{e' x ) 



(2) 



Ol *x>*J (2) -1^(1) iisUJI c-jj^j 



sin(e x ) 



:al o>J SiUl J-lSij 



5 




e 2x sin(e x )dx 




e x dcos(e x ) 



e x cos(e x ) 




cos(e x )de 



X 



e x cos(e x ) - sin(e 



X 
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: Jlp (2) &UJI £i l^rj -2 ^ (1) ibUJI 



.-.■.■.V.vT.-J-lv 



.yi'e* = sin(e x ) 




A = - / e *sin(e x )d£ 




cos(e x ) 



:SJb)l Sj^l JIp ^UJ» J>JI ^ !A£aj 
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y +y = secx cscx SlaU-Jl J>- J^jl 




y c = c\co$x + Oisinx \ ^ US' 

^UJI J>J! b\ ^j^j 

y = Acosx + Bsinx 

:0t a>J (5)j (3) ^UJl J 



-A'cosa; + B sinx = 0 



J 



A' sinx + Bcosx = secxcscx 



498 



sees; 




4 



Zn secx + tana; 



SIX 



cscx 



J cscxdx 



ln\cscx + cotx 



:JJUt l Jy ^\ Jj> fUJi J>JI LKaj 



J ■ L' 



-'s r; 



W i; J .III £ f 



/ 7 



y" + y = csc?xcotx :JJbJl ibUjI J>- JL^jl 




y+y = 0 LJUiJl ihUJJ S>Ji 

m 2 + 1 = 0 : US' 



y c = c\cosx + c^sinx 



: Jb ^ U^Vl ^UJi J>Ji Ol 



y — ylcosx + Bsinx 



A'cosa: + B'sinx = 0 



.A'sina; + Efcosx = cs(?coix 
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A 



csc?x cotx sinx 



cs<?x cotx 



A 




csc 2 xcotxdx 



j cotxdcotx 

^ cot 2 x 
2 



Bl = esc 3 xcotxcosx 



cs 



(^XCOt 2 



X 



J 




csc 2 xcot 2 xdx 




cot 2 xdcotx 



1 



3 



cot 3 x 



:iJbli J* J>JI ^ ti^Aj 



1 



1 



2 

1 

2 

1 



cot 2 xcosx - - cot 3 xsinx 



3 
1 



cot 2 xcosx — r cotFxcosx 



3 



6 



cot 2 xcosx 
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(D 2 — l)y = secx (2 



3D + 2)y = cos{er x ) (4 



3D + 2)?/ = (1 + e 2x )~* (6 
(D 2 + l)y = se^x (8 



(D 2 - l)y = 2e~ x (l + e~ 2x )~ 2 (1 
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x"(t) + x{t) = 6«n2t ; x(0) = 3 , x'(0) = (43 

y"(x) + %(x) = 40c 1 ; y(0) = 5 , y'(0) = -2 (44 

x"(t) - Ax'(t) + Ax(t) = Acos2t ; x = 2 , x'(0) = 5 (45 

x"(i) - 4x'(t) + 4x(i) = 4e 2t ; x(0) = — 1 , x - 4 (46 
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